MIRROR SYMMETRY FOR DEL PEZZO SURFACES: 
VANISHING CYCLES AND COHERENT SHEAVES 
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Abstract. We study homological mirror symmetry for Del Pezzo surfaces and their mirror Landau- 
Ginzburg models. In particular, we show that the derived category of coherent sheaves on a Del 
Pezzo surface Xk obtained by blowing up CP 2 at k points is equivalent to the derived category of 
vanishing cycles of a certain elliptic fibration Wk : Mk — ► C with k + 3 singular fibers, equipped with 
a suitable symplectic form. Moreover, we also show that this mirror correspondence between derived 
categories can be extended to noncommutative deformations of Xk , and give an explicit correspon- 
dence between the deformation parameters for Xk and the cohomology class [B + icu] £ H 2 (Mk,C). 



1. Introduction 

The phenomenon of mirror symmetry has been studied extensively in the case of Calabi-Yau 
manifolds (where it corresponds to a duality between N = 2 superconformal sigma models), but 
also manifests itself in more general situations. For example, a sigma model whose target space is 
a Fano variety is expected to admit a mirror, not necessarily among sigma models, but in the more 
general context of Landau- Ginzburg models. 

For us, a Landau-Ginzburg model is simply a pair (M, W), where M is a non-compact manifold 
(carrying a symplectic structure and/or a complex structure), and W is a complex- valued function 
on M called superpotential. The general philosophy is that, when a Landau-Ginzburg model (M, W) 
is mirror to a Fano variety X, the complex (resp. symplectic) geometry of X corresponds to the 
symplectic (resp. complex) geometry of the critical points of W. 

We place ourselves in the context of homological mirror symmetry, where mirror symmetry is 
interpreted as an equivalence between certain triangulated categories naturally associated to a 
mirror pair In our case, B-branes on a Fano variety are described by its derived category of 
coherent sheaves, and under mirror symmetry they correspond to the A-branes of a mirror Landau- 
Ginzburg model. These A-branes are described by a suitable analogue of the Fukaya category for 
a symplectic fibration, namely the derived category of Lagrangian vanishing cycles. A rigorous 
definition of this category has been proposed by Seidel ^0] in the case where the critical points 
of the superpotential are isolated and non-degenerate, following ideas of Kontsevich |12j and Hori, 
Iqbal, Vafa 0. 

DA was partially supported by NSF grant DMS-0244844. LK was partially supported by NSF grant DMS-9878353 
and NSA grant H98230-04-1-0038. DO was partially supported by the Weyl Fund, the grant of the President of RF 
in support of young scientists (No. MD-2731. 2004.1), the Russian Foundation for Basic Research (No. 05-01-01034), 
and the Russian Science Support Foundation. 

1 



2 DENIS AUROUX, LUDMIL KATZARKOV, AND DMITRI ORLOV 

Therefore, for a Fano variety X and a mirror Landau-Ginzburg model W : M — > C, the homo- 
logical mirror symmetry conjecture can be formulated as follows: 

Conjecture 1.1. The derived category of Lagrangian vanishing cycles T) b (L&g vc (W)) is equivalent 
to the derived category of coherent sheaves D b (coh(X)) . 

Remark 1.2. Homological mirror symmetry also predicts another equivalence of derived categories. 
Namely, viewing now X as a symplectic manifold and M as a complex manifold, the derived 
category of B-branes of the Landau-Ginzburg model W : M — > C, which was defined algebraically 
in |1L)II15| following ideas of Kontsevich, should be equivalent to the derived Fukaya category of X. 
This aspect of mirror symmetry will be addressed in a further paper; for now, we focus exclusively 
on Coniecture ll.il 

One of the first examples for which Conjecture II. II has been verified is that of CP 2 and its mirror 
Landau-Ginzburg model which is the elliptic fibration with three singular fibers determined by the 
superpotential Wo = x + y + l/xy on (C*) 2 (or rather a fiberwise compactification of this fibration), 
see [171 15]. Other examples of surfaces for which the derived category of coherent sheaves has been 
shown to be equivalent to the derived category of Lagrangian vanishing cycles of a mirror Landau- 
Ginzburg model include weighted projective planes, Hirzebruch surfaces |5J, and toric blow-ups of 
CP 2 [19j . For all these examples, the toric structure plays a crucial role in determining the geometry 
of the mirror Landau-Ginzburg model. 

Our goal in this paper is to consider the case of a Del Pezzo surface Xk obtained by blowing up 
CP 2 at a set K of k < 8 points (this is never toric as soon as k > 4). Our proposal is that a mirror 
of Xk can be constructed in the following manner. Observe that the elliptic fibration with three 
singular fibers determined by the superpotential Wq = x + y + 1/xy on (C*) 2 (i.e., the mirror of 
CP 2 ) admits a natural compactification to an elliptic fibration Wo : M — > CP 1 in which the fiber 
above infinity consists of nine rational components (see 4'6.1\ for details). Consider a deformation 
of Wq to another elliptic fibration Wk '■ M — > CP 1 , such that k of the 9 critical points in the fiber 
Wo -1 (oo) are displaced towards finite values of the superpotential. Let 

M k = M\Wir\oo), 

and denote by Wk ■ Mk — > C the restriction of Wk to Mf.. In the generic case, Wk is an elliptic 
fibration with A: + 3 nodal fibers, while Wj- (oo) is a singular fiber with 9 — A; rational components. 
Although we will focus on the Del Pezzo case, this construction also provides a mirror in some 
borderline situations. For example, it can be applied without modification to the case where CP 2 
is blown up at k = 9 points which lie at the intersection of two elliptic curves (the fiber Wk~ l {oo) 
is then a smooth elliptic curve). 

There are two aspects to the geometry of Mk- Viewing Mk as a complex manifold (a Zariski 
open subset of a rational elliptic surface), its complex structure is closely related to the set of 
critical values of Wk, which has to be chosen in accordance with a given symplectic structure on 
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Xk- A generic choice of the symplectic structure on Xk (for which there are no homologically 
nontrivial Lagrangian submanifolds) determines a complex structure on M/- for which the k + 3 
critical values of Wk are all distinct (leading to a very simple category of B-branes). In the opposite 
situation, which we will not consider here, if we equip Xk with a symplectic form for which there are 
homologically nontrivial Lagrangian submanifolds, then some of the critical values of Wk become 
equal, and the topology of the singular fibers may become more complicated. 
The symplectic geometry of Mk is more important to us. Since 

H 2 (M k ,C) - C fe+2 , the symplectic 
form uj on M/%, or rather its complexified variant B + ioj, depends on k + 2 moduli parameters. 
As we will see in §3J these parameters completely determine the derived category of Lagrangian 
vanishing cycles of the actual positions of the critical values are of no importance, as long as 
the critical points of Wk remain isolated and non-degenerate (see Lemma l3.2j) . This means that we 
shall not concern ourselves with the complex structure on Mk; in fact, a compatible almost-complex 
structure is sufficient for our purposes, which makes the problem of deforming the elliptic fibration 
Wq in the prescribed manner a non-issue. 
To summarize, we have: 

Construction 1.3. Given a Del Pezzo surface Xk obtained by blowing up CP 2 at k points, the 
mirror Landau-Ginzburg model is an elliptic fibration Wk '■ Mk — ► C with k + 3 nodal singular 
fibers, which has the following properties: 

(i) the fibration Wk compactifies to an elliptic fibration Wk over CP 1 in which the fiber above 
infinity consists of 9 — k rational components; 

(ii) the compactified fibration Wk can be obtained as a deformation of the elliptic fibration 
Wq : M — ► CP 1 which compactifies the mirror to CP 2 . 

Moreover, the manifold Mk is equipped with a symplectic form uj and a B-field B, whose coho- 
mology classes are determined by the set of points K in an explicit manner as discussed in 

Our main result is the following: 

Theorem 1.4. Given any Del Pezzo surface Xk obtained by blowing up CP 2 at k points, there 
exists a complexified symplectic form B + iu on Mk for which D b (coh(X^)) = D fe (Lag vc (Wfc)) . 

The mirror map, i.e. the relation between the cohomology class [B + iu] € H 2 (Mk,C) and the 
positions of the blown up points in CP 2 , can be described explicitly (see Proposition 15. 

On the other hand, not every choice of [B + iu] € H 2 (Mk,C) yields a category equivalent to the 
derived category of coherent sheaves on a Del Pezzo surface. There are two reasons for this. First, 
certain specific choices of [B + iui] correspond to deformations of the complex structure of Xk for 
which the surface contains a — 2-curve, which causes the anticanonical class to no longer be ample. 
There are many ways in which this can occur, but perhaps the simplest one corresponds to the 
case where a same point is blown up twice, i.e. we first blow up CP 2 at k - 1 generic points and 
then blow up a point on one of the exceptional curves. We then say that Xk is obtained from CP 2 



4 DENIS AUROUX, LUDMIL KATZARKOV, AND DMITRI ORLOV 

by blowing up k points, two of which are infinitely close, and call this a "simple degeneration" of 
a Del Pezzo surface. In this case again we have: 

Theorem 1.5. If Xk is a blowup o/CP 2 at k points, two of which are infinitely close, and a simple 
degeneration of a Del Pezzo surface, then there exists a complexified symplectic form B + iuj on 
for which T> h (coh{X K )) S D b (Lag vc (W fe )). 

More importantly, deformations of the symplectic structure on need not always corre- 
spond to deformations of the complex structure on Xk (observe that i? 2 (Mfc,C) is larger than 
H 1 (X k ,T X k)) ■ The additional deformation parameters on the mirror side can however be inter- 
preted in terms of noncommutative deformations of the Del Pezzo surface Xk (i.e., deformations 
of the derived category D b (coh(XK)))- In this context we have the following theorem, which 
generalizes the result obtained in [2] for the case of CP 2 : 

Theorem 1.6. Given any noncommutative deformation of the Del Pezzo surface Xk, there exists a 
complexified symplectic form B + iu> on for which the deformed derived category D fc '(coh(A k,h)) 
is equivalent to D 6 (Lag vc (Wfc)). Conversely, for a generic choice of [B + iuo] £ H 2 (M k ,C), the 
derived category of Lagrangian vanishing cycles D b (Lag vc (Wfc)) is equivalent to the derived category 
of coherent sheaves of a noncommutative deformation of a Del Pezzo surface. 

The mirror map is again explicit, i.e. the parameters which determine the noncommutative Del 
Pezzo surface can be read off in a simple manner from the cohomology class [B + iu>] . 

Remark 1.7. The key point in the determination of the mirror map is that the parameters which 
determine the composition tensors in D 6 (Lag vc (Wfc)) can be expressed explicitly in terms of the 
cohomology class [B + iuj\ (see H4.3|) . A remarkable feature of these formulas is that they can be 
interpreted in terms of theta functions on a certain elliptic curve (see H4.5)) . As a consequence, our 
description of the mirror map also involves theta functions (see fJSl . 

The rest of the paper is organized as follows. In Sj^we describe the bounded derived categories 
of coherent sheaves on Del Pezzo surfaces, their simple degenerations, and their noncommutative 
deformations. In ^21 we describe the topology of the elliptic fibration and its vanishing cycles. 
In fc J4.ll we recall Seidel's definition of the derived category of Lagrangian vanishing cycles of a 
symplectic fibration, and in the rest of ijl]we determine D b (Lag vc (IVfc)). Finally in S}5]we compare 
the two viewpoints, describe the mirror map, and prove the main theorems. 

Acknowledgements: We are thankful to A. Kapustin, T. Pantev, P. Seidel for many helpful 
discussions. 
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The purpose of this section is to give a description of the bounded derived categories of coherent 
sheaves on Del Pezzo surfaces, their simple degenerations, and their noncommutative deformations. 
We always work over the field of complex numbers C. 

2.1. Del Pezzo surfaces and blowups of the projective plane at distinct points. 

Definition 2.1. A smooth projective surface S is called a Del Pezzo surface if the anticanonical 
sheaf Os(-Ks) i> s ample (i.e., a Del Pezzo surface is a Fano variety of dimension 2). 

The Kodaira vanishing theorem and Serre duality give us immediately that for any Del Pezzo 
surface 

H x (S,0(-mK s )) = for all me Z, 
H 2 (S, 0{-mK s )) = for all m > 0, 
H 2 (S, O(-mKs)) = H°(S, 0((m + 1)K S )) for all m e Z. 

In particular, we obtain that JET 1 (5, O s ) = H 2 (S, Os) = 0, and H°(S, G(mK s )) = for all m > 0. 
By the Castelnuovo-Enriques criterion any Del Pezzo surface is rational. 

Let S be a Del Pezzo surface. The integer K$ is called the degree of S and will be denoted by d. 
The Noether formula gives a relation between the degree and the rank of the Picard group of a Del 
Pezzo surface: d = K$ = 10 — rkPicS" < 9. 

We can also introduce another integer number which is called the index of S. This is the maximal 
r > such that 0{— K$) = 0(rH) for some divisor H. The inequality d < 9 implies that r < 3. 

Now recall the classification of Del Pezzo surfaces. 

If r = 3, then S = P 2 is the projective plane and d = 9. If r = 2, then S = P 1 x P 1 is the quadric 
and d = 8. The other Del Pezzo surfaces are not minimal and can be obtained by blowing up the 
projective plane P 2 . More precisely, if S is a Del Pezzo surface of index r = 1, then it has degree 
1 < d < 8 and S is a blowup of the projective plane P 2 at k = 9 — d distinct points. The ampleness 
of the anticanonical class requires that in this set no three points lie on a line, and no six points 
lie on a conic; moreover, if k = 8 the eight points are not allowed to lie on an irreducible cubic 
which has a double point at one of these points. Conversely, any surface which is a blowup of the 
projective plane at a set of k < 8 different points satisfying these constraints is a Del Pezzo surface 
of degree d = 9 — k. All these facts are well-known and can be found in any textbook on surfaces 
(see e.g. |S]). 

Denote by D f, (coh(S')) the bounded derived category of coherent sheaves on S. It is known that 
the bounded derived category of coherent sheaves on any Del Pezzo surface has a full exceptional 
collection, which makes it possible to establish an equivalence between the category D fe (coh(S')) 
and the bounded derived category of finitely generated modules over the algebra of the exceptional 
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collection (|14j. see also ^H])- This is a particular case of a more general statement about derived 
categories of blowups. 

First, recall the notion of exceptional collection. 

Definition 2.2. An object E of a C-linear triangulated category T> is said to be exceptional if 
Hom(-E7, E[k]) = for all k ^ 0, and Hom(E,E) = C. An ordered set of exceptional objects 
a = (Eq, . . . E n ) is called an exceptional collection if Hom(i7j, Ei[k}) = for j > i and all k. The 
exceptional collection a is said to be strong if it satisfies the additional condition Hom(Ej, E'jffc]) = 
for all i,j and for k ^ 0. 

Definition 2.3. An exceptional collection (Eq, . . . , E n ) in a category T> is called full if it generates 
the category T>, i.e. the minimal triangulated subcategory of D containing all objects E% coincides 
with T>. In this case we say that T> has a semiorthogonal decomposition of the form 

= {Eo, ■•■ , E n ) . 

The most studied example of an exceptional collection is the sequence of invertible sheaves 
(Opn, . . . , Opn(n)} on the projective space F n ( 4 ]). In particular, this exceptional collection on the 
projective plane P 2 has length 3. 

Definition 2.4. The algebra of a strong exceptional collection a = (Eq, . . . ,E n ) is the algebra of 

n 

endomorphisms B(a) = End(£) of the object 6 = ® Ei. 

i=0 

Assume that the triangulated category T> has a full strong exceptional collection (Eq, . . . ,E n ) 
and B is the corresponding algebra. Denote by mod-i? the category of finitely generated right 
modules over B. There is a theorem according to which if T> is an enhanced triangulated category 
in the sense of Bondal and Kapranov [3], then it is equivalent to the bounded derived category 
D b (mod-i?). This equivalence is given by the functor RHom(£", — ) (see 

For example, if T> = D b (coh(X)) is the bounded derived category of coherent sheaves on a 
projective variety X, then it is enhanced. Actually, the category of quasi-coherent sheaves Qcoh 
has enough injectives, and D b (coh(X)) is equivalent to the full subcategory D^ oh (Qcoh(X)) C 
D b (Qcoh(X)) whose objects are complexes with cohomologies in coh(X). 

Assume that X is smooth and (Eq, . . . , E n ) is a strong exceptional collection on X. The object 
£ = ©" =0 Ei defines the derived functor 

RHom(£", — ) : D+(Qcoh(X)) — ► D+(Mod- J B), 

where Mod-i? is the category of all right modules over B. Moreover, the functor RHom(£, — ) sends 
objects of D^ oh (Qcoh(X)) to objects of the subcategory D^ od (Mod-5), which is also equivalent 
to D^mod-S). This gives us a functor 

RHom(£, -) : D b (coh(X)) — ► D 6 (mod-£). 
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The objects Ei for i = 0, . . . , n are mapped to the projective modules Pi = Hom(£, Ej). Moreover, 
B = ©f =0 Pi- The algebra B has n + 1 primitive idempotents ej, i = 0, . . . , n such that 1b = 
eo + • • • + e n and e^ej = if i 7^ j. The right projective modules Pj coincide with ej-B. The 
morphisms between them can be easily described since 

Hom(Pj, Pj) = Hom(e;.B, ejB) = ejBa = Hom(£j, Ej). 

This yields an equivalence between the triangulated subcategory of D b (coh(X)) generated by the 
collection (Eq, . . . , E n ) and the derived category D b (mod-S). Here we use the fact that the algebra 
B has a finite global dimension and any right (and left) module M has a finite projective resolution 
consisting of the projective modules Pi with i = 0, . . . , n. Finally, if the collection (Eq, . . . , E n ) is 
full, then we obtain an equivalence between D fe (coh(X)) and Y) b (mod-B) . 

Sometimes it is useful to represent the algebra B as a category 25 which has n + 1 objects, 
say Vq, . . . ,v n , and morphisms defined by the rule Horn = Hom(£^j,£^j) with the natural 
composition law. Thus B = Hom(vi,Vj). 

0<i,j<n 

Theorem 2.5. Let it : Xk —> F 2 be a blowup of the projective plane P 2 at a set K = 

{pi, . . . ,pk} of any k distinct points, and let h, . . . ,lk be the exceptional curves of the blowup. Let 
(Fq, F\, F2) be a full strong exceptional collection of vector bundles on P 2 . Then the sequence 

(2.1) (7r*F ,7T*F 1 ,TT*F 2 ,O ll ,...,O lk ), 

where the 0\ i are the structure sheaves of the exceptional —1-curves U, is a full strong exceptional 
collection on Xk- Moreover, the sheaves 0/. and 0\. are mutually orthogonal for all i 7^ j. 
In particular, there is an equivalence 

(2.2) D fe (cohps^)) S B b {mod-B K ), 

where Bk is the algebra of homomorphisms of the exceptional collection \2.1)) . 

There are no restrictions on the set of points K = {p%, . . . ,pk} in this theorem and, in particular, 
we do not need to assume that Xk is a Del Pezzo surface. 

We can easily describe the space of morphisms from n*Fi to the sheaf Oi . , since it is naturally 
identified with the space that is dual to the fiber of the vector bundle Fi at the point pj 6 P 2 , i.e. 

Rom XK (TT*Fi , O h ) Hom p2 (Fi , Pj ) . 

There are various standard exceptional collections on the projective plane. One of them is the 
collection of line bundles (O, 0(1), 0(2)), another is the collection (O, T ¥ 2(— 1), 0(1)), where T ¥ 2 is 
the tangent bundle on P 2 . The latter choice is the most convenient for us. It is easy to see that 

Hom(0, 7J»2(— 1)) = Hom(7jp2(— 1),0(1)) = V and Hom(0,0(l)) = A 2 V = V* , 

where V is the 3-dimensional vector space whose projectivization P(V) is the given projective 
plane P 2 . 



8 



DENIS AUROUX, LUDMIL KATZARKOV, AND DMITRI ORLOV 




Let us consider the blowup Xk of the projective plane F(V) at a set K = {pi, . . . , p^} of k 
distinct points, and the exceptional collection 

(2.3) a = (Ox K , vr*T p2 (-l), 7r*O p2 (l), O h ,..., O h ). 

Let Q3if(<7) be the category of homomorphisms of this exceptional collection (see Figure Then 
the surface Xr can be recovered from the category 23^(0") by means of the following procedure. 

Denote by Sj the 2-dimensional space of homomorphisms from 7r*7p2 (—1) to Oi j and denote by Uj 
the 1-dimensional space of homomorphisms from 0(1) to 0\y The composition law in the category 
23 k (f) gives a map from Uj <8> V to Sj. The kernel of this map is a 1-dimensional subspace Vj C V, 
which defines a point pj G P(V). In this way, we can determine all the points Pi, ■ ■ ■ ,Pk € P(V) 
and completely recover the surface Xk starting from the category 23^- (a). 

Remark 2.6. Exceptional objects and exceptional collections on Del Pezzo surfaces are well- 
studied objects. First, any exceptional object of the derived category is isomorphic to a sheaf up to 
translation. Second, any exceptional sheaf can be included in a full exceptional collection. Third, 
any full exceptional collection can be obtained from a given one by a sequence of natural operations 
on exceptional collections called mutations. All these facts can be found in the paper |13| . 

2.2. Simple degenerations of Del Pezzo surfaces. We now look at some simple degenerations 
of the situation considered above, namely when two points, for example p\ and P2, converge to each 
other and finally coincide. More precisely, this means that we first blow up a point p and after 
that we blow up some point p' on the — 1-curve which is the pre- image of p under the first blowup. 
This operation is sometimes called a blowup at two "infinitely close" points; more precisely, it 
corresponds to blowing up a subscheme of length 2 supported at p. In this case, the pre-image 
71 1 (p) consists of two rational curves meeting at one point. One of them is a —1-curve which we 
denote by I', and the other is a — 2-curve which we denote by I. The curve / is the proper transform 
of the exceptional curve of the first blow up performed at the point pgP 2 . 
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with two infinitely close points. 

In this paragraph, we consider the situation where the surface Xk is the blowup of the projective 
plane P 2 at a subscheme K which is supported at a set of k — 1 points {p,P3, ■ ■ ■ ,pt} and has length 
2 at the point p. In this case the surface Xk is not a Del Pezzo surface, because it possesses a — 2- 
curve /. However, it follows from general results about blowups that D fc (coh(Xft-)) still possesses a 
full exceptional collection |14j . 

Proposition 2.7. Let Xk be the blowup ofF 2 at a subscheme K supported at a set of k — 1 points 
{p,P3, ■ ■ ■ ,Pk} and with length 2 at the point p. Then the sequence 

(2.4) T=(0 XK ,7r*T ¥ 2(-l),7r*0 F 2(l),0 7: -i (p) ,O ll ,O l3 ,...,O lk ) 

is a full exceptional collection on Xk- 

As before we can see that the sheaves and 0\ i are mutually orthogonal for all i ^ j, and each 
0\ i is orthogonal to both Oy and O^-i^y However, the collection r is not strong, because there 
are non-trivial morphisms from O^-i^ to 0\i in degrees and 1. More precisely, 

Hom(0 7r -i (p) ,0//) =s C and Ext 1 ^-^), O v ) ^ C. 

Denote by a and b two morphisms from O n ~i^ to Oy of degrees and 1 respectively. It is easy to 
see that composition with the morphism a gives isomorphisms between the spaces Hom(i ? , O^-i^) 
and Hom(i ? , Oy) for any element F of the exceptional collection r (see Figure |5J). 

Two approaches can be used to obtain an analogue of equivalence (|2.2j) for this situation. The 
first possibility is to associate to the non-strong exceptional collection r a differential graded al- 
gebra of homomorphisms, and obtain an equivalence between the derived category of coherent 
sheaves and the derived category of finitely generated (right) DG-modules over the DG-algebra of 
homomorphisms of the exceptional collection. (One could also try to work in the framework of 
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^oo-algebras, which might be more appropriate here considering that the mirror situation involves 
an ^oo-category with non-zero 771,3, see S3J- 

Another approach is to change the exceptional collection t to another one which is strong. There 
are natural operations on exceptional collections which are called mutations and which allow us to 
obtain new exceptional collections starting from a given one. 

We omit the definition of mutations, which is classical and can be found in many places. However, 
we note that the left mutation of the exceptional collection Q2.4I) in the pair (7r*Op2(l), C 7r -i( p )) 
gives us a new exceptional collection 

(2.5) t' = {Ox K , 7r*T p2 (-1), M, 7T* O p2 (1) , O v , O l3 , . . . , O x J 

where M. is the line bundle on Xk which is the kernel of the surjection 7r*0 P 2(l) — ► O w -i( p y This 
new exceptional collection r' is strong. 

In fact, we can also consider the same left mutation when the blown up points are all distinct, 
and obtain in that case as well a strong exceptional collection 

a' = (Ox K ,**T W 2(-l),M,n*0 T 2(l),O l2 ,O l3 ,...,O lk ), 

which behaves very much like r' . The distinguishing feature of the case where we blow up the point 
p twice is that in the exceptional collection t 1 the composition map 

(2.6) Hom(.M,7r*0 P 2(l)) (g) Hom(vr*O p2 (1), O//) — ► H.om{M,O v ) 

is identically zero, whereas for a' (i.e., when the points of K are distinct) the corresponding com- 
position is non-trivial. In this sense, the mutation allows us to give a simple description of the 
behaviour of the category under the degeneration process where two points of K converge to each 
other. Namely, the algebra Bk(t') of homomorphisms of the exceptional collection r' is obtained 




Figure 3. The quiver !Bx(''" / ) for a blowup of P 2 with two infinitely close points. 
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as a degeneration of the algebra of homomorphisms of the exceptional collection a' in which the 
composition (|2.6|) becomes zero. 

Proposition 2.8. Let Xk be the blowup of P 2 at a subscheme K supported at a set ofk — 1 points 
{p,P3, - - - ,Pk} and with length 2 at the point p. Then there is an equivalence D b (coh(A^-)) = 
D b (mod--Bft-(T')), where Bk(t') is the algebra of homomorphisms of the exceptional collection r' . 

In this context, the surface Xk can again be recovered from the category 23^ (r'). Namely, the 
points p,P3, ■ ■ ■ ,Pk can be determined by the same method as above. To recover Xk, we also have 
to determine the position of the point p' on the exceptional curve of the blowup of the point p. This 
is equivalent to finding a tangent direction at the point p. Consider the kernel of the composition 
map 

Hom(C, M) ® Hom(X, O v ) — ► Hom(0, O v ). 

It is a one-dimensional subspace of Hom(0,A / i). The image of this subspace in the space V* = 
Hom(C, 7T*C(1)) determines a line in the projective space P(V) which passes through the point p 
and hence a tangent direction at p. 

2.3. Noncommutative deformations of Del Pezzo surfaces. As before, let Xk be the blowup 
of the projective plane at a set K of k distinct points. Consider the strong exceptional collection 

a = (0, 7r% 2 (-l), 7T*0 p2 (l), O h ,...,O h ). 

By the discussion in W2.ll the derived category of coherent sheaves D 6 (coh(X^)) is equivalent to 
the category of finitely generated (right) modules over the algebra Bk of homomorphisms of a. The 
algebra Bk can also be represented by the category %$k associated to the exceptional collection a 
(see Figure P). 

The category 23^- has strictly more deformations than the surface Xk- We saw above that the 
surface Xk can be reconstructed from the category 23^, and that the deformation of the surface 
Xk is controlled by the variation of the set K C P 2 . 

A general deformation of the category 23 j<- can be viewed as the category of an exceptional 
collection on a noncommutative deformation of the surface Xk- In other words, if 23 k,u is a defor- 
mation of the category 23 then the bounded derived category T) b (mod-BK,n) of finitely generated 
(right) modules over the algebra Bk u will be viewed as the derived category of coherent sheaves 
on a noncommutative surface Xk,u- Any such noncommutative surface can be represented as the 
blowup of a noncommutative plane P 2 at some set K consisting of k of its "points" . This procedure 
is discussed in detail in |2"U] . 

In the rest of this section, we describe the deformations of the category 23^. Recall that a de- 
formation of a category is, by definition, a deformation of its composition law. We proceed in two 
steps. The first step is to describe the deformations of the subcategory 23 (<7o) associated to the 
subcollection oq = (0, 7T*T(— 1), tv*0(1)). This subcategory 23(o"o) is the category of homomor- 
phisms of the full strong exceptional collection (O, T{— 1), 0(1)) on P 2 . Therefore, considering a 
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FIGURE 4. The quiver 2?^ for a noncommutative P 2 . 

deformation of the subcategory 2$(<7o) we obtain a noncommutative deformation P 2 of the projec- 
tive plane. The second step is to describe the deformations of all other compositions in the category 
*Bk- These deformations correspond to variations of the set of "points" K on the noncommutative 
projective plane ¥ 2 . 

Noncommutative deformations of the projective plane have been described in Any defor- 

mation of the category 23(cro) is a category with three ordered objects Fq,F\,F2 and with three- 
dimensional spaces of homomorphisms from Fi to Fj when i < j (see Figure 0J . Any such category 
25„ is determined by the composition tensor fi : V (B> U -^W. We will consider only the nondegen- 
erate (geometric) case, where the restrictions fi u = fi(-,u) : V — > W and fi v = fi(v,-) : U — > W 
have rank at least two for all nonzero elements u 6 U and v € V, and the composition of fi with 
any nonzero linear form on W is a bilinear form of rank at least two on V U. The equations 
det fi u = and det fi v = define closed subschemes Tjj C F(U) and Ty C F(V). Namely, up to 
projectivization the set of points of Ty (resp. Ty) consists of all u 6 U (resp. v G V) for which 
the rank of fi u (resp. fi v ) is equal to 2. It is easy to see that the correspondence which associates 
to a vector v E V the kernel of the map fi v : U — > W defines an isomorphism between Ty and 
Tjj. Moreover, under these circumstances Ty is either the entire projective plane P(V) or a cubic 
in P(V). If Ty = P(V) then fi is isomorphic to the tensor V <S> V — > A 2 V, i.e. we get the usual 
projective plane P 2 . 

Thus, the non-trivial case is the situation where Ty is a cubic, i.e. an elliptic curve which we now 
denote by E. This elliptic curve comes equipped with two embeddings into the projective planes 
¥(U) and P(V) respectively; by restriction of Oil) these embeddings determine two line bundles C\ 
and £2 of degree 3 over E, and it can be checked that £1 7^ £2- This construction has a converse: 

Construction 2.9. The tensor fi can be reconstructed from the triple (E, C\, £2)- Namely, the 
spaces U, V are isomorphic to H°(E, £1)* and H°(E, £2)* respectively, and the space W is dual to 
the kernel of the canonical map 

H°(E, £1) <g) H°(E, £ 2 ) — > £1 ® £2), 

which induces the tensor fi:V ®U — ► W. 

The details of these constructions and statements can be found in 

Remark 2.10. Note that we can also consider a triple (E, £^£2) such that £1 = £2. Then 
the procedure described above produces a tensor fi with Ty = P(V), which defines the usual 
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commutative projective plane. Thus, in this particular case the tensor \x does not depend on the 
curve E. 

Now we describe the deformations of the other compositions in the category 23 ft-. Given a 
category 23^ of the form described above, corresponding to a noncommutative projective plane P^, 
and given a set K = {pi, . . . ,p^} of k points on the elliptic curve E, we can construct a category 
23^ jAt in the following manner. A point pj £ E C ¥(U) determines a one-dimensional subspace of 
U, generated by a vector Uj 6 U. The map jj, u . : V — > W has rank 2; denote by Vj a non-zero vector 
in its kernel. The category 23 k,h is then constructed from the category 23^ by adding k mutually 
orthogonal objects 0\. for j = 1, . . . , k, and defining the spaces of morphisms by the rule 

Hom(F 2 ,O h ) = C, Rom(F 1 , 0, . ) = V/ Ker ^ . = V/ ( Vj ) , Hom(F , 0, . ) = W/ Im fi v . . 

The two composition tensors involving Hom(i<2, Oi . ) are defined in the obvious manner as suggested 
by the notation. The only non-obvious composition is the map V/(vj) U — ► W '/ Im \i v . , which is 
by definition induced by the tensor [i :V ®\J — * W. 

Conversely, if we consider a category ^Br,^ which is a deformation of 03 k an d an extension of 
the category 03^, then the kernel of the composition map 

Hom(F 2 , Oi 3 )®V — > Hom(Fi, O,. ) 

defines a one-dimensional subspace (vj) C V. The map \x v . must have rank 2, since otherwise 
would be an isomorphism and the composition map Hom(i 7 2, ) (8) — > Hom(i ? o, O; . ) would 
vanish identically, which by assumption is not the case. Therefore, the objects 0\. correspond to 
points on the curve E. 

Thus, any category *&k,h is defined by the data (E, C\, £<2,Pi, ■ ■ ■ ,Pk), where E is a cubic, C\,C 2 
are line bundles of degree 3 on E, and p±, . . . ,Pk is a set of distinct points on E. If L\ = £2, then 
we obtain the category 23^ related to a blowup of the usual commutative projective plane. In the 
general case, the bounded derived category D b (mod--Bft^) of finite rank modules over the algebra 
Bk,ii is viewed as the derived category of coherent sheaves on the non-commutative surface Xk,u-, 
which is a blowup of k points on the non-commutative projective plane P^. 

A standard approach to noncommutative geometry is to determine a noncommutative variety 
either by an abelian category of (quasi)coherent sheaves on it or by a noncommutative (graded) 
algebra which is considered as its (homogeneous) coordinate ring. The question of how to define 
the abelian category of coherent sheaves on Del Pezzo surfaces and on other blowups of surfaces is 
discussed in the paper j^H]. We briefly describe one of the possible approaches. It is very important 
to note that the category D^mod-l?^) possess a Serre functor S, i.e. an additive autoequivalence 
for which there are bi-functorial isomorphisms 

Hom(X, SY) Hom(y, X f 
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for any X, Y € T) b (mod— Bk^). In the case of the bounded derived category of finite rank modules 
over a finite dimensional algebra of finite homological dimension, the Serre functor is the functor 
which takes a complex of modules M* to the complex RHom5 Jj . (i (M,% ]/1 )*. The Serre functor is 
an exact autoequivalence. 

Now we can take the projective module Po (corresponding to O, see the discussion after Definition 
12, 4J1 and consider the sequence of objects R m = S m [— 2m]Po for all m € Z. Let us consider the 
subcategory A C D b (mod-B consisting of all objects F such that 

Hom(i? m , F[i\) = for all i ^ and sufficiently large m S> 0. 

If the category A is abelian and its bounded derived category T) b (A) is equivalent to D^mod-i?^) 
then A can be considered as the category of coherent sheaves on the noncommutative surface Xk,^, 
and Xk,^ can be called a noncommutative Del Pezzo surface. 

The reason of such a definition of the abelian category of coherent sheaves on a noncommutative 
Del Pezzo surface is inspired by the commutative case. In the commutative case the Serre functor 
is isomorphic to the functor ®0(-fT)[2], where 0(K) is the canonical line bundle. Hence, for usual 
commutative surfaces the objects R m are isomorphic to the invertible sheaves O(mK). Since for a 
Del Pezzo surface X the anticanonical sheaf 0(— K) is ample, we have H l (X,F(—mK)) = for 
all i 7^ and any coherent sheaf F when m is sufficiently large. This property makes it possible to 
separate pure coherent sheaves from other complexes of coherent sheaves. 

We can also consider the graded space A = Hom(i?o, R- P ) and can endow it with the 

structure of a graded algebra using the isomorphisms Hom(i?o, R- p ) = Hom(i?j, Ri- P ) given by the 
functors S l [— 2i] for all i G Z. This algebra can be considered as the homogeneous coordinate ring 
of a noncommutative Del Pezzo surface. It seems that such rings are noncommutative deformations 
of homogeneous commutative coordinate rings of usual Del Pezzo surfaces. 

In any case, these remarks about abelian categories of coherent sheaves on noncommutative Del 
Pezzo surfaces will not be needed in the rest of the argument. We will only use the description of 
the bounded derived category of coherent sheaves on the noncommutative blowup Xk,^ in terms 
of finite rank modules over the algebra Bk,^, i.e. we state an equivalence of triangulated categories 



(2.7) T> b (coh(X K ^)) S D 6 (m°d-^). 

3. The mirror Landau-Ginzburg models 

3.1. Compactification of the mirror of CP 2 . As mentioned in the introduction, the mirror 
of CP 2 is an elliptic fibration with 3 singular fibers, determined by (a fiberwise compactification 
of) the superpotential Wo = x + y + 1/xy on (C*) 2 . This Landau-Ginzburg model compactifies 
naturally to an elliptic fibration Wo ■ M — > CP 1 , which we now describe. 

Compactifying (C*) 2 to CP 2 , we can view Wo as the quotient of the two homogeneous degree 3 
polynomials Pq = X 2 Y + XY 2 + Z 3 and = XYZ, which define a pencil of cubics with three 
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Figure 5. The successive blowups at (0 : 1 : 0). 



base points of multiplicities respectively 4, 4, and 1. Namely, the cubic Co defined by Po intersects 
the line X = at (0 : f : 0) (with multiplicity 3), the line Y = at (1 : : 0) (with multiplicity 3), 
and the line Z = at (0 : 1 : 0), (1 : : 0) and (1 : — 1 : 0). Blow up CP 2 three times successively at 
the point where the cubic Co and the line X = (or their proper transforms) intersect each other, 
i.e. first at the point (0:1:0), and then twice at suitable points of the exceptional divisors (see 
Figure |SJ). Similarly, blow up three times the intersection of the cubic Co with the line Y = 0. 

Let Co be the proper transform of Co under these blowups, and let Coo be the configuration of 9 
rational curves formed by the proper transforms of the three coordinate lines and the exceptional 
divisors of the six blowups (so, in Figure EJ all components other than Co are eventually part of 
Coo)- Then Co and Coo intersect transversely at three smooth points, and define a pencil of elliptic 
curves representing the anticanonical class in CP 2 blown up six times. The complement of Cqo 
identifies with (C*) 2 , and the restriction of the CP 1 -valued map defined by the pencil to this open 
subset coincides with Wq. Blowing up the three points where Co and Cqo intersect, we obtain a 
rational elliptic surface M, and the pencil becomes an elliptic fibration Wq : M — > CP 1 , which 
provides a natural compactification of Wq : (C*) 2 — > C. 

The meromorphic function Wq has 12 isolated non-degenerate critical points. Three of them are 
the pre-images of the points (1:1: 1), (j : j : 1), and (j 2 : j 2 : 1) (j = e 2 * 71 "/ 3 ), and correspond 
to the three critical points of Wq in (C*) 2 (with associated critical values 3, 3j, and 3j 2 ). The 
nine other critical points all lie in the fiber above infinity: they are the nodes of the reducible 
configuration Cqo (see Figure EJ. 

This compactification process can also be described in a more symmetric manner by viewing 
(C*) 2 as the surface {xyz = 1} C (C*) 3 , and W = x + y + z. Compactifying (C*) 3 to CP 3 leads 
one to consider the cubic surface {XYZ = T 3 } C CP 3 , which presents Ai singularities at the three 
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Figure 6. The singular fibers of Wq. 
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points (1 : : : 0), (0 : 1 : : 0), and (0 : : 1 : 0). After blowing up CP 3 at these three points, 
we obtain a smooth cubic surface, in which the hyperplane sections Co = {X + Y + Z = 0} and 
Coo = {T = 0} define a pencil of elliptic curves with three base points. As before, Cq is a smooth 
elliptic curve, and Coo is a configuration of 9 rational curves (the proper transforms of the three 
coordinate lines where the singular cubic surface intersects the plane T = 0, and the six — 2-curves 
arising from the resolution of the singularities). Blowing up the three points of Co PI Coo, we again 
obtain a rational elliptic surface, and an elliptic fibration with 12 isolated critical points, 9 of which 
lie in the fiber above infinity (as in Figure EJ). 

3.2. The vanishing cycles of Wq. Each singular fiber of Wq is obtained from the regular fiber 
by collapsing a certain number of vanishing cycles, and the monodromy of the fibration around a 
singular fiber is given by a product of Dehn twists along these vanishing cycles. In this section, we 
determine the homology classes of the vanishing cycles associated to the critical points of Wq. 

More precisely, consider the fiber So = Wo -1 (0), which is a smooth elliptic curve (in fact, the 
proper transform of the curve called Co in ^13. and consider the following ordered collection of 
arcs (7i)o<i<3 joining the origin to the various critical values of Wq: 70, 71, 72 are straight line 
segments joining the origin to Ao = 3, Ai = 3j 2 , and A2 = 3j respectively, and 73 is the straight 
line e 17r / 3 M + joining the origin to A3 = 00. 

Using parallel transport (with respect to an arbitrary horizontal distribution) along the arc 73, 
we can associate a vanishing cycle to each critical point p € Wq~ 1 (\{); this vanishing cycle is 
well-defined up to isotopy, and in particular we can consider its homology class in LTi(Eo,Z) ~ Z 2 
(well-defined up to a choice of orientation). If we fix a symplectic structure on M for which the 
fibers of Wq are symplectic submanifolds, then we have a canonical horizontal distribution (given 
by the symplectic orthogonal to the fiber), which allows us to consider the vanishing cycles as 
Lagrangian submanifolds of So, well-defined up to Hamiltonian isotopy; in Sethis will be of utmost 
importance, but for now we ignore the symplectic structure and only view Wq as a topological 
fibration. 

Lemma 3.1. In terms of a suitable basis {a, b} of H\(Y,q, Z), the vanishing cycles Lq,L\,L2 asso- 
ciated to the critical values Ao, Ai, A2 (and the arcs 70,71,72) represent the classes [Lq] = —2a — b, 
[Li] = —a + b, and [L2] = a + 2b, respectively; and the vanishing cycles L3, . . . ,Ln associated to 
the nine critical points in the fiber at infinity represent the class [L3] = • • • = [Ln] = a + b. 

Proof. The vanishing cycles Lq,Li, L2 are exactly those of the mirror of CP 2 , and are well-known 
(cf. e.g. or [5]). In particular it is known that, choosing a suitable homology basis {a, 6} for 
Hi(Tiq, Z), and fixing appropriate orientations of Lq, Li, L2, we have [Lq] = —2a — b, [L\] = —a + b, 
and [L2] = a + 2b (cf. e.g. Figure 14 in 0). 

We now consider the 9 critical points in the fiber at infinity. It is clear that L3, . . . , Ln admit 
disjoint representatives, and hence are all homologous. Their homology class can be determined 
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by considering the monodromy of the elliptic fibration Wo, which is given by the product of the 
positive Dehn twists along the vanishing cycles. Considering the action on Hi(Eo,Z), and still 
using the basis {a, b} considered above, the monodromies around the critical values Ao,Ai,A2 are 
given by 

f —1 4 \ / 2 l\ / — 1 1 \ 

to = , n = , and t 2 = 

V-l 3 J \-l Qj V " 4 3 / 

while the monodromy around the fiber at infinity is given by r 9 , where r is the positive Dehn twist 

along [L3] = ••• = [Ln]. On the other hand, because the arcs 70,..., 73 are ordered clockwise 

around the origin, we have TQT1T2T 9 = 1. Therefore, 

\ -9 10 J 

and considering Ker(r 9 — 1) we obtain [L3] = • • • = [L\\\ = a + b. □ 

Alternative proof, (compare with §4.2 of Recall that M is obtained from CP 2 by successive 
blowups of the base points of the pencil of cubics defined by Pq = X 2 Y +XY 2 + Z' i and P^ = XYZ. 
Consider the ruled surface F obtained by blowing up CP 2 just once at the point (0:1:0): the 
projection (X :Y : Z) 1— > (X : Z) naturally extends into a fibration ir x : F — > CP 1 , of which the 
exceptional divisor is a section. For A € CP 1 , denote by C\ the proper transform of the plane 
cubic C\ defined by Po — APqo, which is also the image of Wo -1 (A) under the natural projection 
p : M -> F. 

The restriction ir x \ of n x to C\ has degree two, and for A crit(Wo) its four branch points 
are associated to distinct critical values in CP 1 , namely zero and the three roots of the equation 
x(A — x) 2 = 4. Indeed, since C\ always has an order 3 tangency with the line X = at (0:1:0), 
C\ is always tangent to the fiber 7r~ 1 (0). The three other branch points are the critical points of 
the projection to the first coordinate on (C*) 2 D C\ = {(x, y) € (C*) 2 , xy{\ — x — y) = 1}; viewing 
xy(X — x — y) = 1 as a quadratic equation in the variable y, the discriminant is x(X — x) 2 — 4. 

As A tends to Aj (i £ {0, 1,2}), two of the critical values of tt x \ converge to each other; keeping 
track of the manner in which these critical values coalesce when A varies from to Aj along the arc 
7i, we obtain an arc <5j C CP 1 , with end points in crit^^o) ( see Figure [7J). The lift of 6% under the 




Figure 7. The projections of the vanishing cycles of Wq 
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double cover tt x ,o is ( U P to homotopy) the vanishing cycle Li (note that the projection p : M — > F 
allows us to implicitly identify C\ with Wq~ 1 {\) for A 7^ 00). 

Similarly, the behavior of the critical values of 7t Xj a a s A tends to infinity describes the degen- 
eration of C\ to the singular configuration Coo, which consists of two sections and two fibers of 
ii x : F —* CP 1 (the fibers above and 00, the exceptional section, and the pre-image of the line 
Y = 0). Namely, as A tends to infinity along the arc 73, the critical value with argument —2tt/3 
approaches zero, while the two other roots of x(X — x) 2 — 4 tend to infinity. The manner in which 
pairs of critical values coalesce is encoded by the arcs 5' and 8" in Figure [3 and the four vanishing 
cycles associated to the degeneration are essentially the lifts under tt x q of closed loops which bound 
regular neighborhoods of the arcs 6' and 5"; they all represent the same homotopy class inside Cq. 

Recall that W$~ l (00) ~ Coo is obtained from Coo by repeatedly blowing up two of the nodes. 
Taking pre-images under these blowup operations, the vanishing cycles associated to the two other 
nodes of Coo are naturally identified with two of the nine vanishing cycles L3, . . . , L\\ associated to 
the fiber at infinity of Wq. In particular, these vanishing cycles represent the same homology class 
in H x (S , Z) ~ Fi ((7 , Z) as the lifts of 5' and 5". 

It is then easy to check that, for suitable choices of orientations, we have [Lq] ■ [L±] = [Lq] ■ [L 2 ] = 
[L{\ ■ [L 2 ] = -3, [Lq] ■ [L 3+i ] = [L 2 ] ■ [L 3+i ] = -1, and [Li] ■ [L 3+i ] = -2, which completes the proof 
of Lemma 13. II □ 

3.3. The vanishing cycles of (Mk, Recall from the introduction that our proposal for the 
mirror of a Del Pezzo surface Xr obtained from CP 2 by blowing up k < 8 generic points is an 
elliptic fibration '■ Mf. — * C, obtained by deforming the fibration Wo to another elliptic fibration 
Wk '■ M — > CP 1 , and considering the restriction to = M \ Wk~ l {oo). More precisely, remember 
that Wk has 3 + k irreducible nodal fibers corresponding to critical values Ao,... , Xk+2 G C, of 
which the first three correspond naturally to the irreducible nodal fibers of Wo, while the k other 
finite critical values correspond to the deformation of critical points in II / o~ 1 (oo) towards finite 
values of the superpotential. Meanwhile, Wk~ 1 (oo) is a singular fiber with 9 — k components. 

While the precise locations of the critical values Aj are closely related to the complex structure 
on Mk, they are essentially irrelevant from the point of view of symplectic topology and categories 
of vanishing cycles. Indeed, if we consider a family (Mkt,Wkt) °f fibrations indexed by a real 
parameter t, with the property that for all t the critical points of Wk,t are isolated and non- 
degenerate, then the vanishing cycles remain the same for all values of t, up to smooth isotopies 
inside the reference fiber. For this reason, we do not need to make a specific choice of Aj. To 
fix ideas, let us say that Ao is close to 3, Ai is close to 3j 2 , X 2 is close to 3j, and A, is close to 
infinity for i > 3; we again choose the origin as base point, and note that the smooth elliptic curve 
W k l (Q) is diffeomorphic to Wo _1 (0), so we implicitly identify them and again call our reference 
fiber Sq- We also choose an ordered collection of arcs 7» joining the origin to Aj which lie close to 
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those considered in H3.21 thus ensuring that the homology classes [Lq], . . . , [-Lfc+2] £ -Hi(Eo,Z) of 
the corresponding vanishing cycles remain those given by Lemma 13.11 

Fixing a symplectic form on M}~ (compatible with Wk, i.e. restricting positively to the fibers), 
the vanishing cycles Lq, . . . , Lk+2 associated to the arcs 70, ... , 7^+2 naturally become Lagrangian 
submanifolds of the reference fiber (So,Wfc|s ) (°f- e -g- QJQEIIISI)- Indeed, the symplectic form de- 
fines a natural horizontal distribution outside of the critical points of Wk, given by the symplectic 
orthogonal to the fiber. Using this horizontal distribution, parallel transport induces symplecto- 
morphisms between the smooth fibers, and the vanishing cycle Lj is by definition the set of points 
in the reference fiber So for which parallel transport along 7$ converges to the critical point in 
the fiber W% (Aj). It is also useful to consider the Lefschetz thimble Di, which is the set of points 
swept out by parallel transport of Li above 7$; by construction, D{ is a Lagrangian disk in (M&, Uk), 
fibered above the arc 7$, and dDi = Li. 

We recall the following classical result (we provide a proof for completeness) : 

Lemma 3.2. A deformation of the system of arcs {7^} by an isotopy in Diff (C, crit(Wfc)) affects the 
vanishing cycles Li by Hamiltonian isotopies; moreover, the same property holds if the symplectic 
fibration (Mfc, u>k, Wk) is deformed in a manner such that the cohomology class [tJk] remains constant 
and the critical points of Wk remain isolated and non- degenerate. 

Proof. We first consider a deformation of the system of arcs {ji}, based at a regular value A* E 
C \ crit(Wfc) (in our case the origin), to an isotopic system of arcs {7^} based at a regular value 
A*. This means that we are given an arc S : [0, 1] — ► C \ crit(Wfc) joining A* to A'*, and continuous 
families of arcs {ji,t}, < t < 1, with 7^0 = 7, and 7^1 = 7^, such that 7^ joins the regular value 
5(t) to the critical value Aj, and {7i,t}o<i<A;+2 is an ordered collection of arcs for all t G [0, 1]. The 
vanishing cycles L\ associated to the arcs 7^ live inside E* = W / A T 1 (A / H< ), while the original vanishing 
cycles Li associated to ji are submanifolds of £* = (A*). However, we claim that the isotopy 
induces a symplectomorphism <j) : E* — > E* with the property that </>(£«) and L\ are mutually 
Hamiltonian isotopic for all i; this is the meaning of the statement of the lemma. 

Namely, parallel transport along the arc 5 (using the horizontal distribution described above) 
induces a symplectomorphism (f> from E* = (A*) to £* = W k ~ l {\'^). For all t € [0,1] we can 
consider the vanishing cycle Lj jt C W k ~ 1 (5(t)) associated to the arc 7^, and its image L' it C £* 
under the symplectomorphism induced by parallel transport along 5([t, 1]). The family L' it ,t£ [0, 1] 
defines a smooth isotopy from L ■ = <fi(Li) to L-j = L[ through Lagrangian submanifolds of 
Moreover, each vanishing cycle L^ t C W k ~ (S(t)) bounds a Lagrangian thimble Di yt , and the 
cylinder C^t swept by Lj^ under parallel transport along 5([t, 1]) is also Lagrangian. By continuity, 
the relative cycles Dij U C^t (with boundary L\ t ) all represent the same relative homotopy class 
in 7T2(Mfc,E^), and since -D^j and are Lagrangian they all have zero symplectic area. This 
implies that the Lagrangian submanifolds L' it , t € [0, 1] are all Hamiltonian isotopic inside E^; in 
particular, <p(Li) and L[ are Hamiltonian isotopic. 
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We now consider a symplectic fibration WL ■ (M k ,u' k ) — > C which is isotopic to through 
an isotopy Wk t t ■ (Mk,^k,t) C that preserves the cohomology class of the symplectic form (i.e., 
[ w fc,t] = f° r an i G [0, 1]). We assume that each Wp. it has isolated non-degenerate critical points. 
This allows us to deform the system of arcs {7^} through a family {7i,t} with end points at the 
critical values of Wk,t', for t = 1 we obtain a system of arcs {7^} based at a regular value A* of W' k . 
By Moser's theorem, there exists a continuous family of symplectomorphisms fa from [Mk,ook,t) 
to (M k ,uj' k ), or rather, since these are non-compact manifolds, from open subsets of (M^a^t) to 
an open subset of (Mk,uj' k ); however, after "enlarging" (Mk,uj' k ) by adding to u>' k the pullback of 
a suitable area form on C, which affects neither the symplectic structure on the fibers nor the 
parallel transport symplectomorphisms, we can ensure that fa is defined over an arbitrarily large 
open subset of which is good enough for our purposes. Moreover, by a relative version of 
Moser's argument, we can also ensure that fa maps the reference fiber of Wk,t to the reference fiber 
of W k , and in particular that (f) = (j>o maps S* = W k 1 (X*) to S^ = W k ~ (X 1 *). 

We now claim that <j){Li) C S* is Hamiltonian isotopic to the vanishing cycle L\ of W[ associated 
to the arc 7-. Indeed, by considering the images under fa of the vanishing cycles Lit associated to 
the arcs ja, we obtain a smooth isotopy from faLi) to L\ through Lagrangian submanifolds of S*. 
Moreover, the thimbles D\ and faDi) represent the same relative homotopy class (as can be seen 
by considering the images by fa of the thimbles Di^ associated to 7^), and both are Lagrangian 
with respect to u' k , which again implies that faLi) and L[ are Hamiltonian isotopic. □ 

3.4. A basis of H 2 (Mk). The manifold is simply connected, and its second Betti number is 
equal to k + 2. A Q-basis of H 2 (Mk) is given by considering the homology class of the fiber of Wk, 
[So], and k + 1 classes [C], [Co], . . . , [Cfc_i] constructed from the vanishing cycles Li and Lefschetz 
thimbles Di in the following manner. 

By Lemma l3.ll we have [L\] = [Lq] + [L 2 ] in iJi(So,Z), so there exists a 2-chain C in So such 
that dC = -Lq + L 1 - L 2 . Then 

C = C + D - Di + D 2 

is a 2-cycle in M^. Note that [C] is in fact the image of the generator of H 2 ((C*) 2 ,Z) ~ Z under 
the inclusion map (see the proof of Lemma 4.9 in j. 

Similarly, for < i < k we have 3 [£3+1] = [L 2 ] — [Lo] in i?i(So,Z), so there exists a 2-chain Cj 
in So such that dCi = 3 L% + i + Lq — L 2 , and we can consider the 2-cycle 

Ci = Ci-3D 3+i -Do + D 2 

in Mfc. We also introduce 2-chains Ay (i, j & {0, . . . , k — 1}) in So such that dAy = L% + j — L3+1, 
and the corresponding 2-cycles 

Ajj = Ajj + Dj, + i — D^+j. 

We can choose C, and Ajj in such a way that Cj — C\ = 3 Ajj (and hence [Cj] — [Cj] = 3 [Ay] 
in H 2 (M k )). 
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Figure 8. The vanishing cycles of W\ and the chain C 
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Figure 9. The chains Ci (left) and Ajj (right) 

To summarize the discussion, the vanishing cycles Lj and the 2-chains C, Ci, A$ are represented 
on Figures |SHH] (compare with Figure 2 in and with ^§1 ) • 

4. Categories of vanishing cycles 

4.1. Definition. As proposed by Kontsevich ,12_ and Hori-Iqbal-Vafa [S], the category of A-branes 
associated to a Landau-Ginzburg model W : (M, uj) — > C is a Fukaya-type category which contains 
not only compact Lagrangian submanifolds of M but also certain non-compact Lagrangians whose 
ends fiber in a specific way above half-lines in C. In the case where the critical points of W 
are isolated and non-degenerate, this category admits an exceptional collection whose objects are 
Lagrangian thimbles associated to the critical points. Following the formalism introduced by Seidel 
we view it as the derived category of a finite directed ^oo-category Lag vc (W, {7^}) associated 
to an ordered collection of arcs {7^}. We briefly recall the definition; the reader is referred to |lbU18| 
and to §3.1 of [3| for details. 
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Consider a symplectic fibration W : (M,u) — > C with isolated non-degenerate critical points, 
and assume for simplicity that the critical values Ao, • • • , A r of W are distinct. Pick a regular value 
A* of W, and choose a collection of arcs 70, . . . , 7 r C C joining A* to the various critical values of 
W, intersecting each other only at A*, and ordered in the clockwise direction around A*. Consider 
the horizontal distribution defined by the symplectic form: by parallel transport along the arc ji, 
we obtain a Lagrangian thimble D{ and a vanishing cycle Li = dDi C X* (where X* = W -1 (A*)). 
After a small perturbation we can always assume that the vanishing cycles Li intersect each other 
transversely inside X*. The following definition is motivated by the observation that the intersection 
theory of the Lagrangian thimbles Di C M is closely related to that of the vanishing cycles Li inside 
X* HEJ: 

Definition 4.1 (Seidel). The directed category of vanishing cycles Lag vc (W, {7«}) is an -Aoo ~ 
category (over a coefficient ring R) with objects Lo,...,L r corresponding to the vanishing cycles 
(or more accurately to the thimbles); the morphisms between the objects are given by 

' CF*(Li, Lj\R) = R\ L i nL i\ if i<j 

Rom.(L h Lj) = <R-id if % = j 

ifi>j; 

and the differential mi, composition and higher order products are defined in terms of 
Lagrangian Floer homology inside X*. More precisely, 

m k : Hom(Lj ,L il ) ® • • • <g> Rom(L ikl , L ik ) -> Hom(L io , L ik )[2 - k] 

is trivial when the inequality iq < i\ < ■ ■ ■ < it fails to hold (i.e. it is always zero in this case, 
except for m,2 where composition with an identity morphism is given by the obvious formula) . When 
io < ■ ■ ■ < ik, f^k is defined by fixing a generic co-compatible almost- complex structure on X* and 
counting pseudo-holomorphic maps from a disk with k + 1 cyclically ordered marked points on its 
boundary to X* ; mapping the marked points to the given intersection points between vanishing 
cycles, and the portions of boundary between them to Li , . . . , Li k respectively. 

This definition calls for several clarifications. First of all, in our case X* is a smooth elliptic 
curve and the vanishing cycles are homotopically non-trivial closed loops, we have ^(X*) = and 
7T2(X*,Lj) = 0; hence, we need not be concerned by bubbling issues in the definition of the Floer 
differential and products. In fact, the pseudo-holomorphic disks in X* that we have to consider 
are nothing but immersed polygonal regions bounded by the vanishing cycles, satisfying a local 
convexity condition at each corner point. 

Also, the Maslov class vanishes identically, so we have a well-defined Z-grading by Maslov index 
on the Floer complexes CF*(Li,Lj;R) once we choose graded Lagrangian lifts of the vanishing 
cycles. Since in our case ci(X*) = 0, we can do this by considering a nowhere vanishing 1-form 
fl G O (X*,C) and choosing a real lift of the phase function (pi = arg(J7i i .) : Li — > S 1 for each 
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vanishing cycle. The degree of a given intersection point p 6 Lj n Lj is then determined by the 
difference between the phases of Lj and Lj at p. 

Our next remark is that the pseudo-holomorphic disks appearing in Definition 14. II are counted 
with appropriate weights, and with signs determined by choices of orientations of the relevant 
moduli spaces. The orientation is determined by the choice of a spin structure for each vanishing 
cycle Li; in our case this spin structure must extend to the thimble, so it is necessarily the non- 
trivial one. In the one-dimensional case there is a convenient recipe for determining the correct 
sign factors, due to Seidel ^Sj. As will be clear from the discussion in H4.2I below, we will only 
be interested in the specific case where all morphisms have even degree and all spin structures 
are non-trivial. The sign rule can then be summarized as follows: pick a marked point on each 
Li, distinct from the intersections with the other vanishing cycles; then the sign associated to 
a pseudo-holomorphic map u : (D 2 , dD 2 ) -> (£*,ULi) is (-1)"^, where v(u) is the number of 
marked points that the boundary of u passes through (^Hl) see also §4.6 of [3]). 

Finally, the weight attributed to each pseudo-holomorphic map u keeps track of its relative 
homology class, which makes it possible to avoid convergence problems. The usual approach favored 
by mathematicians is to work over a Novikov ring, which keeps track of the relative homology class 
by introducing suitable formal variables. To remain closer to the physics, we use C as our coefficient 
ring, and assign weights according to the symplectic areas; this is in fact equivalent to working over 
the Novikov ring and specializing at the cohomology class of the symplectic form. 

The weight formula is simplest when there is no B-field; in that case, we consider untwisted 
Floer theory, since any flat unitary bundle over the thimble Di is trivial and hence restricts to 
Li as the trivial bundle. We then count each map u : (D 2 , dD 2 ) -> (S*,ULj) with a coefficient 
(— exp(— 2tt j D2 u*uj). (The normalization factor 2ir is purely a matter of conventions, and 
is sometimes omitted in the literature; here we include it for convenience). Hence, given two 
intersection points p E Li n Lj, q G Lj n L^ (i < j < k), we have by definition 

Mp, ?) = E ( E C- 1 )^ ex P(" 27r / 2 ) r 

rSL.nLfc \[u]eM(p,q,r) 1)2 J 

deg r=deg p+deg q 

where M.{p,q,r) is the moduli space of pseudo-holomorphic maps u from the unit disk to 
(equipped with a generic w-compatible almost-complex structure) such that u(l) = p, u(j) = q, 
u {} 2 ) = r (where j = exp(^p)), and mapping the portions of unit circle [l,j], [j,j 2 ], [j 2 ,l] to Li, 
Lj and L^ respectively. The other products are defined similarly. (Observe that Seidel's definition 
|16j does not involve any weights; this is because he only considers exact Lagrangian submanifolds 
in exact symplectic manifolds, in which case the symplectic areas are entirely determined by the 
primitives of the Liouville form and can be eliminated by considering suitably rescaled bases of the 
Floer complexes.) 

In presence of a B-field, the weights are modified by the fact that we now consider twisted Floer 
homology. Indeed, each thimble Di now comes equipped with a trivial complex line bundle E{ = C 
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and a connection Vi with curvature —2iriB, so its boundary Li is equipped with the restricted 
bundle and the restricted connection, whose holonomy is holy^-kt) = exp(— 2m J D . B) by Stokes' 
theorem. Since this property characterizes the connection Vj uniquely up to gauge, we can drop 
the line bundle and the connection from the notation when considering the objects (Li,Ei, Vj) of 
Lag vc (W, {ji}). Nonetheless, the holonomy of Vj modifies the weights attributed to the pseudo- 
holomorphic disks in the definition of the twisted Floer differentials and compositions. Namely, the 
weight attributed to a given pseudo-holomorphic map u : (D 2 ,dD 2 ) — > (S*,ULj) is modified by a 
factor corresponding to the holonomy along its boundary, and becomes 

(_1)"(«) hol(u(dD 2 )) exp(2m I u*(B + iuo)). 

Jd 2 

More precisely, we fix trivializations of the line bundles E{, so that for each intersection point 
p G Lj n Lj we have a preferred isomorphism between the fibers {Ei)\ p and (Ej)\ p ; then it becomes 
possible to define the holonomy along the closed loop u(dD 2 ) using the parallel transport induced 
by Vi from one "corner" of u to the next one, and the chosen isomorphism at each corner. 

Although the category Lag vc (W, {7i}) depends on the chosen ordered collection of arcs {7i}, 
Seidel has obtained the following result ^Hj (for the exact case, but the proof extends to our 
situation): 

Theorem 4.2 (Seidel). If the ordered collection {"fi} is replaced by another one {j^}, then the 
categories L&g vc (W, {7i}) and L&g vc (W, {7i}) differ by a sequence of mutations. 

Hence, the category naturally associated to the fibration W is not the finite ^oo-category de- 
fined above, but rather a (bounded) derived category, obtained from Lag vc (W, {7i}) by consider- 
ing twisted complexes of formal direct sums of Lagrangian vanishing cycles, and adding idempo- 
tent splittings and formal inverses of quasi-isomorphisms (see |12| and §5 of JH])- If t wo cate- 
gories differ by mutations, then their derived categories are equivalent; hence the derived category 
D 6 (Lag vc (W)) depends only on the symplectic topology of W and not on the choice of an ordered 
system of arcs [To] . 

For the examples we consider, the ^loo-category Lag vc (W, {7i}) will in fact be an honest category 
(see below); the bounded derived category D fe (Lag vc (M^)) is then by definition the bounded derived 
category of finite rank modules over the algebra associated to this category. 

4.2. Objects and morphisms. We now determine the categories Lag vc (Wfc, {7i}) associated to 
the Landau-Ginzburg models (Mjt,Wfc) mirror to Del Pezzo surfaces and the systems of arcs {7i} 
introduced in We start with the objects and morphisms. 

Recall that has k + 3 isolated critical points, giving rise to k + 3 vanishing cycles Lq, . . . , Lfc_|_2 
in the reference fiber So — VF fc ~ 1 (0). The homology classes of these vanishing cycles have been 
determined in Jlland are given by Lemma f3.ll these determine the vanishing cycles up to Lagrangian 
isotopy. 
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The derived category of vanishing cycles is not affected if we modify some of the vanishing cycles 
by Hamiltonian isotopies (more precisely, a Hamiltonian isotopy induces a chain map on the Floer 
complexes, which yields a quasi-isomorphism between the finite A^-categories of vanishing cycles). 
Hence, equipping the elliptic curve So with a compatible flat metric, we can identify So with the 
quotient of C by a lattice, and represent the vanishing cycles Lj by closed geodesies parallel to 
those represented in Figure El 

Assume that the cohomology class of the symplectic form ivk on is generic (or more precisely, 
with the notations of ^3.41 that [a;&] • [Ajj] is never an integer multiple of [ujk] ■ [So]). Then the 
geodesies Li are all distinct, and their intersections are as pictured in Figure |SJ so we have: 

Lemma 4.3. The geometric intersection numbers between the vanishing cycles are: 

• \Lq n Li\ = \L n L 2 \ = \Li n L 2 \ = 3; 

• for < i < k, \Lq fl ^3+i| = \L 2 fl L 3+ i\ = 1 and \L\ fl L 3+ i\ = 2; 

• for < i < j < k, \L 3+i n L 3+j \ = as soon as [u k ] • [S ] / [u k ] ■ [Ajj]. 

In the rest of this section, unless otherwise specified we always assume that the vanishing cycles 
Li are represented by distinct closed geodesies. 

As in P], we denote by xq, yo, zq (resp. xi,y±, z\ and x, y, z) the generators of Hom(Loi L{) (resp. 
Hom(Li,L2) and Hom(Lo,L2)) corresponding to the intersection points represented in Figure |H1 
Moreover, we denote by ai (resp. 6j, b[ and q) the generators of Hom(Lo, L 3+ i) (resp. Hom(Li, -^3+1) 
and Hom(L2, £3+1)) corresponding to the intersection points between these vanishing cycles (see 
Figure IHJ). 

Lemma 4.4. For suitable choices of graded lifts of the vanishing cycles, all the morphisms in 
Lag vc (W k , {ji}) have degree 0. 

Proof. Equip So with a compatible flat metric and with a constant holomorphic 1-form $7. Taking 
geodesic representatives of the vanishing cycles, the phase functions 4>i = arg(f2|£.) : Li — > R/2-7rZ 
are constant, and we can normalize Q so that it takes real negative values on the oriented tangent 
space to Lq, i.e. </>o = n. Then it is possible to choose real lifts ^ G R of the phases in such a way 
that 7r = 0o > 4>i > 4>2 > 03 = • • • = 0fe+2 > (see Figure |H] and recall the orientations chosen in 
Lemma l3.1|) . In the 1-dimensional case, the relationship between Maslov index and phase is very 
simple: given a transverse intersection point p between two graded Lagrangians L,L' C So, the 
Maslov index ofp G CF*(L, L') is equal to the smallest integer greater than ~((j)L' (p) ~ 4>l{p)) • Since 
we only consider the Floer complexes CF*(Li, Lj) for i < j, which implies that <pj — 4>i E (— ir, 0) 
at every intersection point, for these choices of graded Lagrangian lifts of the vanishing cycles all 
morphisms in Lag vc (W / fc, {li}) have degree 0. □ 

Since each product m, shifts degree by 2 — j, it follows immediately that the ^oo-category 
Lag vc (PFfc, {ji}) is actually an honest category: 
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Corollary 4.5. rrij = for all j ^ 2. 

Hence, the final step of the argument is a careful study of the various immersed triangular regions 
bounded by the vanishing cycles in So and their contributions to m 2 . 

4.3. Compositions. As before we assume that the Lagrangian vanishing cycles are realized by 
distinct closed geodesies in the flat torus So, and we determine the contributions to m 2 of the 
various immersed triangular regions in (Eo,ULj). We use the notations introduced in H4.2I for the 
intersection points, and those introduced in ^ )3.4l for various 2-chains in Eo and the corresponding 
2-cycles in M^. We also introduce the following notations: 

Definition 4.6. Let qc = exp(2iri [B + iuj] ■ [C]) and qF = exp(2-7ri [B + ico] ■ [So]), and define 

t — V~V 1 \n n n(3n+l)/2 , — ST I T\n „ n r , n ( 3n ~ 1 )/ 2 A _ W i \n n 3n(n-l)/2 
n& nGZ nGZ 

Since w is a symplectic form on So, we have \qp\ = exp(— 2ir [u] ■ [So]) < 1, which ensures the 
convergence of the series ( + , £_ and Co- 

Proposition 4.7. There exist constants a X y,a yx ,a yz ,a Z y,a zx ,a xz G C such that 

m 2 (x , yi) = a xy z, m 2 (yo, x\) = a yx z, 

m 2 (yo, Zi) = a yz x, rn 2 (z ,yi) = a zy x, 

m 2 (z , xi) = a zx y, m 2 (x , z\) = a xz y, 

and these constants satisfy the relation 

(v^ ( 1 \n n n.(3n+l)/2\3 /A 
E„ eZ (-i)"^4 (3n - lv V VC- 

Remark 4.8. The quantity appearing in the right-hand side of (|4.1|) can be understood in terms 
of certain theta functions; see <j4. 51 for details. 

Before giving the proof, we make an observation which will be useful throughout this section. 
The geodesies L% are not necessarily those pictured in Figure |B1 but they are parallel to them. 
So we can deform (in a non-Hamiltonian manner) the configuration of vanishing cycles to that of 
Figure ISJ and all intersection points and relative 2-cycles in (So,ULj) can be followed through the 
deformation. Hence, immersed triangular regions in (So,ULj) are in one to one correspondence 
with those in the configuration of Figure |H1 (but of course the deformation does not preserve areas) . 
Moreover, we can choose the deformation in such a way that the relative 2-cycles C and Cj in So 
deform to those represented on Figures IBHH1 (rather than to 2-cycles which differ by a multiple of 
the fundamental cycle of So). 

Proof of Proposition^!^ The composition m 2 (xo,yi) is the sum of an infinite series of contribu- 
tions, corresponding to all immersed triangular regions in Sq with corners at the intersection points 
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xo, yi, and one of the points in Lq D L^. By the above remark we can enumerate these regions by 
looking at Figure El Considering the side which lies on L\ , it is then easy to see that for every 
homotopy class of arc joining xq to y± inside L\ there is a unique such immersed triangular region, 
and the third vertex is always z. 

These various regions can be labelled by integers n £ Z in such a way that, denoting by T xy ^ n 
the corresponding 2-chains in So, we have dT xyn — dT xy ^ n i = (n — n')(—Lo + L\ — L2) for all 
n, n' £ Z. We can choose the integer labels in such a way that, after deforming to the configuration 
in Figure |H1 T xy> o becomes the smallest triangle with vertices Xo,y%,z. (So, in Figure |H1 T X y-\ is 
the immersed region bounded by the portions of Lq U Li U L2 which do not belong to dT xyt o; and 
all the other T xytU have edges which wrap more than once around the vanishing cycles). 

By comparing dT xy ^ n and dT XVj o, it is clear that the 2-chain represented by T xy>n can be expressed 
in the form T xy ^ n = T xy $ + nC + </>(n)Eo for some 4>(n) G Z. Moreover, by looking at Figure El one 
easily checks that 4>(n) = |n(3n + l). (So e.g. T xy _\ = T xy $ — C + Xo> and T xy> i = T xy $ + C + 2So). 
Let ip xy € C be the coefficient of the contribution of T xy $ to m2(xo,yi). Then, by comparing 
the symplectic areas and boundary holonomies for T xy>n and T xy ^, one easily checks that the 
contribution of T xyn is equal to 

(-1)" expert [B + ico] ■ (n[C\ + " (3 " 2 + 1} [S ])) = (-1)" <?c # 3n+1)/2 iP xy . 

In this expression the sign factor (— l) n is due to the non-triviality of the spin structures (observe 
that dC = —Lq + L\ — L2 passes once through each of the three marked points on Lq, L\, L2); the 
total holonomy of the flat connections Vj along dT xy>n — dT xy $ = n dC is exp(2-7ri n jiu l) -D 1 +D 2 ^ 
by Stokes' theorem; and the integral of B + iuj over T xyn differs from that over T xy ^ by the amount 
n J C (B + iw) + in(3n + l)[B + iu] ■ [S ]. 

Summing over n 6 Z, and using the notation introduced in Definition 14.61 we obtain 

O^xy — C+ tyxy 

The calculations of 7712(2/0; z i) an d 7772(2:0, xi) are exactly identical, and lead to similar expressions. 
Namely, denote by ip yz (resp. ip zx ) the contribution of the triangular region T yZ Q (resp. T zx $) which, 
after deforming to the configuration in Figure |S1 corresponds to the smallest triangle with vertices 
yo, zi, x (resp. zq, x\, y). Then one easily checks by the same argument as above that a yz = C+ ipyz 
and a zx = (+ip zx . 

Next we consider the composition 7712(2/05 ^i), which is again the sum of an infinite series of 
contributions from triangular regions T yX)n , n £ Z, which all have vertices yo, x\, z. We can choose 
the labels in such a way that, after deforming to the configuration in Figure |H1 T yx> Q becomes the 
smallest such triangle, and T yx ^ n = T yx $ + nC + ^n(3?7 — l)So- Denoting by ip yx the coefficient 
associated to T yx $, it is easy to check by the same argument as above that the contribution of T yx>n 
is equal to (—1)™ q@ q^ 3n ipyx, so that 

Otyx = C—ipyx- 
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Similarly, with the obvious notations we have a zy = C-ip zy and a xz = £-ip xz . Finally, observe that 

— = ~QC- 

xz 

Indeed, ^0+^,0+^0-^0-^,0-^2,0 = C (cf. Figure©. Therefore, comparing the weights 
associated to these various triangles, the weighting by area gives a factor of exp(27ri f c B + iu), 
while the holonomy along the boundary dC = —Lq + L\ — L 2 is equal to exp(27ri f£ >0 _rj 1 +D 2 B), 
and finally the minus sign is due to the orientation conventions, since dC passes once through each 
of the three marked points on the vanishing cycles. Hence 

axyOyzOzx _ fxy^yzjhx C+ _ _( C+V 
O^yx^zyO^xz Ipyx^zylpxz C— V C— / 

□ 

Remark 4.9. If [uj + iB] ■ [C] = 0, then qc = 1 and the ratio between ot xy a yz Oi zx and a yx a zy a xz 
becomes equal to —1 irrespective of the value of qp; this corresponds to a classical (commutative) 
Del Pezzo surface. 

Moreover, in the limit where [a;] • [So] — > 00, we have qF = and the ratio becomes — qc, which 
corresponds to the toric case studied in 

Proposition 4.10. There exist constants a xx ,a yy ,a zz £ C such that 

m 2 (x ,xi) = a xx x, m 2 (yo,yi) = ct yy y, m 2 (zo,^i) = a zz z, 
and these constants satisfy the relation 

(r-\ / -,\ n n 3n(n-l)/2\ 3 /a \3 

Z^ngZl" 1 ) Ic^F ] _ _<1F_ ( Co\ 

En G z(-l) n '?C^ (3n " 1)/ V VC\(-J ' 

Proof. The argument is similar to the proof of Proposition 14.71 The immersed triangular regions 
which contribute to 7712(3:0, %i) all have vertices x as their third vertex, and can be indexed by 
integers n € Z in a manner such that dT XXjTl — dT xx>n i = (n — n') dC for all n, n' £ Z. We can 
choose the integer labels in such a way that, after deforming to the standard configuration, T xx $ 
and T XX) x = T xx fi + C are the two embedded triangles with vertices xq, x\, x visible on Figure|Hl It 
is then easy to check that T xx ^ n = T xy ^ + nC + |n(n — l)So- Hence, denoting by i/j xx the coefficient 
associated to T XXt o, we have 

®-xx Co^xxi 

by the same argument as in previous calculations. Similarly, with the obvious notations, we have 
oiyy = (oipyy and a zz = (ai> zz . Moreover, T xxfi + T yyfi + T zzfi - T yxfi - T zyfi - T xzfi = E - C, 
which implies (by the same argument as above) that 

zz QF 
l\>yxi>zyi> xz QC 
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Therefore 

__ ^xx^yy^zz Co __ QF ( Co N " 



O^yx^zy^xz ^yx^zy^xz C— QC \C 



□ 



When qp = (in particular in the toric case) we have OL xx a yy a zz = 0, as in [3] . The same 
conclusion also holds when qc = 1 (the commutative case). In fact, when qc = 1 each of the 
constants a xx , a ra , a 2 ^ is zero, since in that case we have Co = (because the terms corresponding 
to n and 1 — n in the series defining Co exactly cancel each other). 

Definition 4.11. Let q% = exp(2-7ri [B + iu] • [Ci]), and define 

f —ST l 1 \ n r, n "(3n+l)/2 > _ V^/ 1 w _n n(3n-l)/2 > _ V^/ i\n n 3n(n-l)/2 
ngZ neZ nGZ 

Proposition 4.12. There exist constants (5x,iiPy,hflz,% € C smc/i i/iai 

m 2 (x,Ci) = A^i, m 2 (y,Ci) = Py ti a { , m 2 (z,Ci) = P s ,i<k, 
and these constants satisfy the relations 

Pg,i a xyO-zz _ / Ci,_ \ 2 C+ Co 



@x,iPy,i CtzyC^xz ^ C— ' Ci,+ 0,0 
Pl^CtyzCtxx fCi,+ \ 2 C+Co , 0l,i a zxOLyy q F / '0,0\ 2 C+Co 

-Qi -j— 7 — j — , and 



Py,iPz,i CtxzC^yx ^ C— ' Ci,0 Ci,— @z,iPx,i Ctyx^zy Qi ^ C— ' Ci,— Ci,+ 

where C+, C-> Co) Ci,+j C«,-) C«,o> % and qF are as in Definitions \4- b\ and \4.11\ 

Proof. As before, the constants Ps,i, Py,ii Ps,i are the sums of infinite series corresponding to all 
immersed triangular regions with vertices at Oj, Cj, and one of x,y,z. For example the coefficient 
0z,i associated to composition m 2 {x, q) is the sum of an infinite series of contributions associated 
to triangular regions Tg^ n , n G Z. The integer labels can be chosen so that dTz,i, n — dTz,i,ri = 
(n-n')dCi and, after deforming to the configuration in Figure^! Tg i o becomes the smallest triangle 
with vertices z, dj, Cj (i.e., the triangle which appears with coefficient —2 in the 2-chain Cj). Then 
one easily checks that Tz,i,n = i o 

+nCi + Tjn(3n — l)T,Q. Therefore, denoting by tpz,i the coefficient 
associated to T^io, the same argument as in the previous calculations yields the formula 

Pz,i — Ci,—1pz,i- 

Similarly, denote by % n , the immersed triangles contributing to m 2 {x, q), in such a way 

that dT Xt i tn — dT Xt i t1l i = (n — n')dCi, and Is,i,o corresponds to the smallest triangle with vertices 
x, a,i, Ci in Figure (i.e. the triangle which appears with coefficient +2 in the 2-chain Ci). Then 
T x ^ n = T x jfi + nCi + |n(3n + 1)£q. Therefore, denoting by ip Xj i the contribution of T% t i t o, we have 

Px,i — Ci,+^x,i- 

Finally, labelling the triangles with vertices y, Oj, q by integers in such a way that Ty jo an d 
Ty,i,i = Ty,i,o + Ci correspond to the negative and positive parts of Ci respectively, it is easy to 
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check that Ty^^ n = Tg^o 

+ nCi + |n(n - 1)S , so denoting by ipyj the contribution of Ty jij0 we have 
Py,i = dfl^y,!- It follows that 

Pji a xya Z z j>\j lpxy4>zz Cj- C+ Co 

Px,iPy,i (XzyC^xz ^x,i^y,i Ipzylpxz Ci,+ Ci,0 C- 

Moreover, the 2-chains 2T Z ^$ + + T ZZ) q and I^o + 3g,i,o + ^2j/,o + 3a;z,o are equal, which 
implies that i\>\ i ipxyipzz = ipx,i^y,i tpzyipxz and completes the proof of the first identity. 
The arguments are the same for 

#L ayzUxx Iph ^yz^xx Cl+ C+ Co 



Py,iPz,i Ctxz^-yx ^y,i^z,i Ipxztpyx Ci,0 Ci,— C— 

observing that 2T s ^ fl + T yzfl + T xx fl-Ty, lfi -T z - )ifl -T xzfi -T yxfi = d (for which the corresponding 
weight is — and for 

PL UzxCVyy rpli Ipzx^yy Ch C+ Co 



Pz,iPx,i OtyxC^zy ^z,i^x,i Ipyx^Pzy Ci,— Ci,+ C— 

observing that 2 Tyjfl + T zxfi + T yVt o - T z ^ - T s ,i,o - T yx fl - T zyfi = So - Q (for which the 
corresponding weight \s —qp/qi). □ 

Corollary 4.13. The constants (3 X i, f3y j, f3 z j satisfy the relations: xy yx zz = (t 2 - 

P%,i a yzOtzyOixx Qi V Ci,H 

Pji ayzCVzyaxx _ j /Ci,+ \ 3 ^ / Ci.O \ 3 

ffg ti a zx a xz a yy qF^Cifl' ' ct xy a yx a zz % Hi,-' 

Proposition 4.14. For all < i,j < k we have the identities 

Py,i Pz,j _ ~ Ci,0 Cj- Pz,i Px,j _ ~ Ci - Cj,+ @X£ Py,j _ ~-2 Ci,+ Cj,0 

Py,j Pz,i Cj,0 Ci,— Pz,j Px,i Cj,— Ci,+ @x,j @y,i Cj,+ Ci,Q 

where q~ij = exp(2ni [B + iu] ■ [Ajj]), and Ci— ? C«,o are as in Definition ^ . 11\ 

Proof. We claim that Ty,ifi + T z jfi — Tyjfi — T z jfi = Ajj. Indeed, consider first a situation in which 
L34-1 lies in the position represented in Figure and L% + j lies close to it, but is slightly shifted 
towards the lower-right direction. Then the intersection points aj and Cj lie close to a% and Cj, and 
following the triangular regions through the small deformation which takes L^ + i to L^ + j, we easily 
see that Tzj,o is obtained by slightly truncating Tg t i t o on its L^ + i side. Similarly, Tyj,o is obtained 
by slightly truncating Igio, and since Ajj is simply the thin strip in between L^ + i and L^ + j the 
claim follows. 

The same property remains true if L^+i and L% + j are further apart from each other. This can 
be checked explicitly for example in the configuration of Figure EJ where Ajj is as pictured on 
Figure (right). (In this configuration the deformation from L^ + i to L% + j passes through y and 
z, so the triangles T z ,i$ and T z jfi lie on opposite sides of z, and similarly for Tg^o and Tyjfi) this 
latter triangle is now the small region to the lower-right of y on Figure |HJ). 
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As a consequence, we have the identity 

Vy,jYz,i 

which implies the first formula in the proposition. The two other formulas are proved similarly, 
using the equalities T z ,i,o+T x jfi-T z j y0 -T Xyifi = Ajj and T^ ij0 +Tyj j0 -T^j j0 -Ty tit0 = -2 Ajj. □ 

Remark 4.15. The various ratios computed in Propositions 14.7144. 141 are intrinsic quantities at- 
tached to the symplectic geometry of Wk, i.e. they are invariant under Hamiltonian deformations, 
irrespective of whether the vanishing cycles are represented by geodesies or not. Equivalently, they 
are invariant under rescalings of the chosen generators of the morphism spaces in Lag vc (W / / c , {7i}). 
On the other hand, if we allow ourselves to use the fact that the vanishing cycles are geodesies in 
a flat torus, we can also compute some interesting non-intrinsic quantities (i.e., quantities which 
depend on a particular choice of scaling of the generators). 

For example, the invariance of Lq,Li,L2 under the translation of the torus which maps xq to 
Do (and yo to zq, zq to xo) implies that, for suitable choices of the marked points associated to 
the spin structures and of the isomorphisms between lines used to calculate boundary holonomies, 
ct X y = ctyz = ot zx , a yx = a xy = a xz , and a xx = a yy = a zz . In fact, going over the calculations 
in the proofs of Propositions 14.71 and l4~TUl and observing that, in terms of areas and boundary 
holonomies, the contributions of T xy ^ — T yx $ and T xx $ — T yx $ are equivalent to those of |C and 
^(So — C) respectively, one easily checks that there exists a constant s ^ such that 

Oi xy = a yz = a zx = s q]i 3 £+, 
(4-2) a xx = a yy = a zz = s q^q^ Co, 

where by definition q^ 3 = exp(^p[_B + iu] ■ [C]) and g]/ 3 = exp(^- [B + ico] ■ [So])- Similarly, for 
suitable choices we have 

(4.3) (3 X:i = Si q\ /3 Ci,+ , Py,i = Si q^ 3 q~ 1/3 Ci,o, and (3 M;i = -Si £»,_, 

where Si is a non-zero constant and q l J 3 = exp(^-[B + ico] ■ [Ci]). 

The formulas ()4.2|) and (|4.3[l are only valid in the flat case, when the complexified symplectic 
form on Sq is translation-invariant and the vanishing cycles are geodesies; however, in the general 
case we can always modify our choices of generators of the various morphism spaces by suitable 
scaling factors (or equivalently, modify the vanishing cycles by certain Hamiltonian isotopies) in 
order to make these formulas hold. It is therefore these simpler formulas that we will use in order 
to determine the mirror map in ^S] below. 

4.4. Simple degenerations. In this section we consider the situation where the symplectic area 
of one of the 2-cycles Ajj becomes a multiple of that of the fiber So- The vanishing cycles 
and L% + j are then Hamiltonian isotopic to each other in So, and hence cannot be represented by 
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disjoint geodesies anymore. However we can still represent L 3+ i by a closed geodesic, and L 3+ j by 
a small generic Hamiltonian perturbation of L 3+ i, intersecting it transversely in two points. These 
two intersection points have Maslov indices and 1 respectively (if we choose the same graded lifts 
as previously), and for this configuration we have: 

Lemma 4.16. If there exist integers n € Z and i < j such that [u] ■ [Ajj] = n [uj] ■ [So], then 
Hom(L3+j, £3+1) is graded isomorphic to H*(S 1 ) ® C. Moreover, the differential 

m 1 : Horn (L 3+i , L 3+j ) -> Hom 1 (L 3+ i, L 3+j ) 

is zero if [B] ■ [Ajj] E Z + n [5] • [Sq], and an isomorphism otherwise. 

Proof. The only contributions to mi come from the two disks -D' and -D" bounded by L 3+ i and L 3+ j. 
The 2-chain D' — £)" in Eo has symplectic area zero, and is in fact given by D' — D" = Ajj — nSo- 
Hence we can compare the coefficients tp' and ip" associated to these two disks by the same argument 
as in 31 Namely, V' an d ift" differ by a sign factor, a holonomy factor, and an area factor. 

In this case the sign factor is —1 (the sign rule for odd degree morphisms is slightly more subtle 
than that for even degree morphisms ^H] j here we can see directly that the signs for D' and D" have 
to be different since the untwisted Floer homology of L 3+ i and L 3+ j is non-trivial); the holonomy 
factor is the total holonomy along d(D' — D") = L 3+ j — L 3+ i, i.e. exp(2-7rz j£) 3+ ._£) 3+ . B)\ and the 
area factor is exp(27ri J D /_ D n B + iuj). It follows that 

if/ = - exp(2vri [B + icu] ■ ([A^-] - n[S ])) V", 

since D' — D" + D 3+ i — D 3+ j = Ajj — nT,Q. Since mi is determined by the sum t/j 1 + ip", we conclude 
that mi = if and only if [B + ito] ■ ([Ajj] — n[So]) is an integer. □ 

In other words, if [B + iu] ■ [Aj j] £ Z0 ([5 + zcj] • [So]) Z, then (L3 + j,V3+j) and (-Z>3+j, V3+j) are 
essentially identical, and we have a non-cancelling pair of extra morphisms of degrees and 1 from 
L 3+ i to L 3+ j\ this mirrors the situation in which CP 2 is blown up twice at infinitely close points, in 
which case there is a rational — 2-curve and the derived category of coherent sheaves is richer than 
in the generic case. In all other situations the intersection points between L 3+ i and L 3+ j, if any, 
are killed by the twisted Floer differential (even when L 3+ i and L 3+ j are Hamiltonian isotopic). 

Remark 4.17. It is important to note that, due to the presence of immersed convex polygonal 
regions with two edges on Lq U L\ U L2 and two edges on L3+ « U L 3+ j (with a corner at the 
intersection point of Maslov index 1), we have to consider not only the Floer differential mi, but 
also the higher-order composition m 3 . For example, when L 3+ i and L 3+ j are Hamiltonian isotopic 
the composition 

m 3 : Hom(L ,L 2 ) <g> Hom(L 2 , L 3+i ) (8) Hom 1 (L 3+ i, L 3+J -) — > Hom(L , L 3+j ) 
is in general non-zero (and similarly with L\ instead of Lq or L 2 ). 
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As in W2.21 it is possible to describe things in a simpler and more unified manner by considering a 
suitable mutation of the exceptional collection (Lq, . . . , Lk +2 ). Assume for simplicity that the two 
vanishing cycles which may coincide are L3 and L4, while the others are represented by distinct 
geodesies. Then we can modify the system of arcs {ji} considered so far to a new ordered system 
of arcs {7-} such that 7^ = 7, for i {2,3}, 73 = 72, and j' 2 connects the origin to A3 00 
along the negative real axis. This gives rise to a new category Lag vc (Wk, {7^}), in which all objects 
but one can be identified with the objects Li, i ^ 3 of Lag vc (Wfc, {7«}); thus, we denote by 
Lq, Li, L' , L 2 , L4, . . . , Lk+2 the objects of Lag vc (Wfc, {7$}). The morphisms and compositions not 
involving V are as in Lag vc (Wfc, {7«}). 

The new vanishing cycle V is Hamiltonian isotopic to the image of L3 under the positive Dehn 
twist along L2. In particular, with the notations of Lemma 13.11 and for a suitable choice of 
orientation, its homology class is [L'\ = [L2] — [L3] = b. Choosing a geodesic representative, we 
have \Lq n L'\ = 2, \L\ n L'\ = 1, \L' n L 2 \ = 1, and \L' n £3+1] = 1 for i > 1, and all morphisms in 
Lag vc (W k , {li}) have degree 0. 

Because L' is Hamiltonian isotopic to the image of L3 under the Dehn twist along L 2 , the fiber 
So contains a 2-chain A' with dA' = V + L4 — L 2 and such that J^, to = J^ 34 ^- Capping off 
A' with the appropriate Lefschetz thimbles, we obtain a 2-cycle A' in Mf~, with [A'] = [A3 4] in 
H2(Mk,7i). The composition 

Hom(L', L 2 ) Hom(L2, L4) — > Hom(L', L4) 

corresponds to an infinite series of triangular immersed regions in So, of which in general two are 
embedded. The case where the symplectic area of A' is a multiple of that of the fiber corresponds 
precisely to the situation where the two embedded triangular regions have equal symplectic areas. 
In general, the immersed triangles contributing to the composition can be labelled T' n , n 6 Z, in 
such a way that T' n = + nA' + \n{n - 1)S . Ar guing as before, one easily shows that the 
composition is given by the contribution of Tq multiplied by the factor 

^(-l) n q' n q n F {n ~ l)/2 , where q' = exp(2m[B + w] ■ [A']) = q 3A . 

nGZ 

This multiplicative factor vanishes if and only if q' = qp for some k £ Z (an easy way to see this is 
to view this factor as a theta function, see below), i.e. iff [B + ioj\ ■ [A'] € Z © ([B + iu] • [Sq])Z. 
Hence, as in ^2.21 the mutation makes it possible to avoid dealing with a non-trivial differential, 
and provides an alternative description in which the simple degeneration corresponds to one of the 
composition maps becoming identically zero. 

4.5. Modular invariance and theta functions. In this section we study the modularity proper- 
ties of the category Lag vc (Wk, {7*}) with respect to some of the parameters governing deformations 
of the complexified symplectic structure, and the relation with theta functions. 
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Proposition 4.18. Consider two complexified symplectic forms k = B + ico and k' = B' + icu' on 
M k , such that [k'} ■ [E ] = [as] • [So] and [k'] - [k] E H 2 (M k ,Z) (« • [E ]) H 2 (M k , Z). T/ien t/ie 
categories Lag vc (W k , k, {7i}) ana 1 Lag vc (Wfc, k', {7^}) are equivalent. 

Proof. First consider the situation where u' = u>, and B' = B + d\ for some 1-form Then the 
vanishing cycles Lj remain the same, but the associated flat connections differ, and we can e.g. take 
= Vj — 2-Kix- Then the contribution of a pseudo-holomorphic map u : (D 2 , dD 2 ) — > (So, ULj) is 
actually the same in both cases, since the holonomy term changes by exp(— 2m J u rgjj2\ x)> while the 
weight factor changes by exp(2-7ri j D2 u*dx) = exp(2m' f u rg D 2\ x)- So, in the more general situation 
where [B' - B] £ H 2 (M k ,Z) and [B' - B] ■ [S ] = (still assuming J = uj), after modifying B by 
an exact term we can assume that B and B' coincide over So, and that the integral of B' — B over 
each thimble Di is a multiple of 2ir. In this situation the vanishing cycles Lj are the same, and the 
associated flat connections are gauge equivalent (since their holonomies differ by multiples of 2ir), 
so the corresponding twisted Floer theories are identical. 

Next, consider the situation where [B + iu] changes by an integer multiple of [B + iu] ■ [So]. 
After adding an exact term to k = B + iu (which does not affect the category of vanishing cycles 
by Lemma 13. 21 and by the above remark), we can assume that k and k' coincide over So, and that 
the relative cohomology class of k' — k is an element of (k • [T,o])H 2 (M k , So; Z). 

Let Di and be the thimbles associated to the arc ji and to the symplectic forms uj and uj' 
respectively. The integrality assumption on k! — k implies that there exists an integer n% G Z such 
that J D k' = ni[n] ■ [So] + J D , k. Since Di and D[ can be deformed continuously into each other (by 
deforming the horizontal distribution) , there exists a 2-chain Ki in So such that [Di + Ki — D^] = 
in H2(M k ). Then J K .u> = J K <J = —J d .lo' = — ni[uj] ■ [S ]. Since the symplectic area of the 
2-chain Ki C So is an integer multiple of that of the fiber, the two vanishing cycles = dD[ 
and Li = dDi are mutually Hamiltonian isotopic in So, and hence we can assume that = Li. 
Moreover, in H 2 (M k ,Li) we have [£>■] = [A] - «i[S ]- Therefore, f D , B' = j D B' - m L B' = 

j i 

(f D B + ni[B] ■ [So]) — n>i[B] ■ [So] = f D B. So the flat connections Vf and have the same 
holonomy, which implies that (Lj, Vj) and (L' i ,'V' i ) behave identically for twisted Floer theory. □ 

This property explains the invariance of the structure coefficients (a xy , etc.) under certain 
changes of variables. More precisely, one easily checks that C+{qcQf^Qf) = —Q^lF^^+ilC^QF), 
C-(qcq F ,qF) = -qc 1 QF 1 <*-(<lC,qF), and Co(<?C<?f,<Zf) = -q^CoiqcqF)- This implies that the 
quantities considered in Propositions 14.71 and 14.101 are invariant under the change of variables 
{qc,qF) l— * {qcq%^qF)] a closer examination shows that the individual constants a xy , etc. are also 
invariant under this change of variables. 

On the other hand, one easily checks that (+(qcqF,qF) = —q^CoiqcqF), Co(qcqF,qF) = 
C-(qc,qF), and C-(qcqF,qF) = (+(qc,qF), which may seem surprising at first. The reason is that 
this change of variables corresponds to a non-Hamiltonian deformation of e.g. L\ which sweeps 
exactly once through the entire fiber Sq. This deformation preserves the intersection points, but 
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induces a non-trivial permutation of their labels: namely, xq, yo, zq become yo, zq, xo respectively, 
and x±, y±, z\ become z\, x\, y\ respectively. Thus, for example, a xy (qc,qF) = Oy X (qcqF,QF) = 
a zz (qcqp,qF) (and similarly for the other coefficients). 

Another way to understand these invariance properties is to relate the functions £ + , and ("o 
to theta functions. Recall that the ordinary theta function is an analytic function defined by 

9(z, t) = exp(-7rm 2 r + 2irinz), 

where z € C and r <G H (here TL is the upper half-plane {Imr > 0}). This function is quasiperiodic 
with respect to the lattice A T cC generated by 1 and r, and its behavior under translation by an 
element of the lattice is given by the formula 

9(z + ut + v,t) = exp(— mu 2 T — 2iriuz)0(z, r). 

The zeros of the theta function are the infinite set {z = (n + ^) + (m + n,m£Z}. 
Here we consider theta functions with rational characteristics a, b £ Q, defined by 

9 a fi{z, t) = exp(7ri(n + a) 2 r + 2iri(n + a)(z + &)). 

Let us introduce new variables q = exp(-7rir) and w = exp(iriz). Now the following three ^-functions 
play a very important role in our considerations: 

0i i(3z,3t) = exp(f )g 3 / 4 ^(-l) n u; 6n+3 g 3ri2+3n , 

9ii{3z,3t) = exp(f )^/ 12 V(-l) n u; 6n+1 g 3n2+n , 

M (3z,3r) = exp(-f )g 1 / 12 ^(-l)"^ 6 "-^ 3 " 2 -". 

The zero set of the function 9 1 i (3z, 3r) is { § + mr n,m £ Z}, while the zero sets of the functions 
0i k(3z, 3r) and 05 i(3z, 3t) are 

6>2 6'2 

{| + (m+i)r|n,mGZ} and {| + (m - \)t \ n, m € Z} 

respectively. These three theta functions can be viewed as holomorphic sections of a line bundle of 
degree 3 on the elliptic curve E = C/A T ; considering the zero sets, we see that this line bundle is 
L = Oe(3 • (0)). These three sections of L determine an embedding of the elliptic curve E = C/A T 
into the projective plane, given by 

z i-» (0i i(3z,3t) : 61 i(3z,3r) : 05 i(3z,3t)). 

2'2 6'2 6'2 

Observe that the two functions 

9i 1 (3z, 3t) 0i 1 (3z, 3r)05 1 (3z, 3r) and 0i 1 (3z, 3r) 3 + 0i 1 (3z, 3r) 3 + 05 1 (3z, 3r) 3 

2'2 6'2 6'2 2'2 6'2 6'2 
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coincide up to a constant multiplicative factor, since they both correspond to holomorphic sections 
of the line bundle L® 3 over E, and an easy calculation shows that they have the same zero set 
{§ + T r \ n i m ^ Therefore, the image of the above embedding of E into P 2 is the cubic given 
by the equation 

(A 3 + B 3 + C 3 )XYZ - ABC(X 3 + Y 3 + Z 3 ) = 0, 

where (A, B, C) are the values of the three theta functions at any given point of C/A r (not in iA r ). 
Consider the function 

/ fli,i(3z,3T) \ 3 _ ^ / E neZ (-l) ra W 6w+1 g"(3^+D \ 3 

\0*i(3z,3t)) ~ \Zn&(- l ) nwQn ~ l( l n{?n ' l) ) ' 
Substituting q 2 = qp and w 6 = qc, one easily checks that this coincides with the expression which 
appears in Proposition 14.71 

El -i\n n "(3n+l)/2\ 3 
n&1\ 1 ) QcQF \ 



QyxQzyQxz 



^ I V ( \\n n n n n{3n - 1)/2 I ' 

Similarly, 

\9 U (3z,3r)) q { E„ e z(-l)^ 6 "- 1 9 3 " 2 - m J q { EnezC-l)^ 6 "- 1 ^ 2 -" J ' 
After the same substitution q 2 = qp and w & = qc, this coincides with the expression given in 
Proposition I4.1U1 

(v^ f i\n n 3n(n-l)/2\ 3 

Similarly, in the case where Q4.2JI holds, one easily checks that 

a xy = a V z = a zx = s e ~ 2tn/3 9i i (3z Q , 3r), 
(4.4) a xx = a yy = a zz = s 0ii(3z , 3r), 

a yx = a zy = a X z = se 2l7r/3 9^i(3z ,3T), 

where r = [B+ioj]- [So], zq = ^[B + iuo] ■ [C], and s = e l7T / 2 qp 1 ^ 24 q^ 6 s^O. Similar interpretations 
can be made for the quantities considered in Propositions 14. 12"M4, 141 and in (|4.3[) . 



5. Proof of the main theorems 

The derived categories considered in ^depend on an elliptic curve E, two degree 3 line bundles 
C\, £2 over E, and k points Pi, ■ ■ ■ ,Pk on E. Meanwhile, the categories considered in SQ] depend on 
a cohomology class [B + iu] £ H 2 (Mk,C). We now show how to relate these two sets of parameters. 

Fix the cohomology class [B + iu>] € H 2 (Mk,C), and consider the category D 6 (Lag vc (Wfc)) 
studied in £0J With the notations of N3.41 assume that [uj] ■ [Ajj] is not an integer multiple 
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of [u] ■ [So] for any i,j £ {0, ...,k — 1}. Then D 6 (Lag vc (Wfc)) admits a full strong excep- 
tional collection (Lq, . . . , -Lfc+2), whose properties have been studied in fjlj In particular, the ob- 
jects and morphisms in this exceptional collection are the same as for the exceptional collection 
a = (Ox K , 7r*7jp2(— 1), 7r*Op2(l), C/ 1 , . . . , Oi k ) considered in ^21for the derived category of coherent 
sheaves on a (possibly noncommutative) Del Pezzo surface. Hence, our goal is now to compare the 
composition laws and show that, for a suitable choice of the parameters (E, C\, £2, K), the algebra 
of homomorphisms of the exceptional collection (Lq, . . . , Lfc+2) is isomorphic to the algebra Bk,^ 
considered in More precisely, we claim: 

Proposition 5.1. Let E be the elliptic curve C/A T; where r = [B + ito] ■ [So], realized as a plane 
cubic via the embedding j : E —>F 2 given by z 1— » (i? + (z) : $o(z) : i?_(z)), where 

$.( z ) = e - 2i7r/3 8i i(3z,3r), o (z) =0i i(3*,3r), andtiiz) = e 2i7r/3 #s 1 (3z, 3r). 

6 ' 2 2 ' 2 6 ' 2 

Let zo = h[B + iu>] ■ [C], and for i £ {0, . . . , k — 1} £ei pj = ^[B + ^] ■ [C*]- Finally, let C\ = 
C_e(3-(— zo)) and £2 = Og(3-(0)). T/ien i/ie algebra of homomorphisms of the exceptional collection 
(_Lq, . . . , is isomorphic to Bj£„, where fx is determined by {E, C2) via Construction W1K 

and K = {j(z +po), ■ ■ ■ ,j(z + p k -i)}- 

Proof. After a suitable rescaling of the chosen bases of the morphism spaces (or just by deforming to 
the situation where the fiber is flat and the vanishing cycles are geodesies), we can assume that the 
compositions of morphisms between the objects Lq, . . . , L^+2 are given by the formulas Q4.2|) and 
(|4.3[) . We identify the vector spaces U = Hom(Lo,Li), V = Hom(Li,L2), and W = Hom(Lo,L2) 
with C 3 by considering the bases (xq, yo, Zo), (xi, j/i, z%), and (x,y,z). The composition tensor 
fi : V (8> U — > W is determined by the three constants a = a xy = a yz = a zx , b = a xx = a yy = a zz , 
and c 

— Qyx — ^zy — ctxz- In particular, given an element v — (A", Z) £ V , the composition map 
/j, v = fi(v , ■) : U — » is given by the matrix 

/ oX aZ cY \ 



/ a^A a^Z a^F \ 



(5.1) 



cZ al 
ay cX bZ 



a xz Z ctyyY a zx X 
\ a xy Y a yx X a zz Z ^ ^ / 
which has rank 2 precisely when 

(5.2) det(fi v ) = (a 3 + 6 3 + c 3 ) XYZ - abc(X 3 + Y 3 + Z 3 ) = 0. 

By (|4.4|) . the constants a, 6, c are (up to a non-zero constant factor) the values of the theta functions 
i?+,#0i a t the point zo- Therefore, by the discussion in ^14.51 there are two possibilities: 

(1) if zo £ 5 At j then 06c = and /i„ always has rank 2; as explained in H2.3I this corresponds 
to a commutative situation; 

(2) if zo £" |A r , then (|5.2j) defines a cubic 1~V C P(V) = P 2 , and this cubic is precisely the 
image of the embedding j. 
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The same situation holds for fj, u ; interestingly, under the chosen identifications of P(f7) and P(V) 
with P 2 , the two subschemes Tjj C F(U) and Ty C P(V) determined by the equations det(fi u ) = 
and det(/i 1) ) = coincide exactly. However, with this description, the isomorphism a : Ty — > Tjj 
which takes v to the point of Tjj corresponding to Ker jj, v is not the identity map. Here the reader 
is referred to the discussion on pp. 37-38 of |2j, which we follow loosely. 

Given a point v = (X :Y:Z)£ Ty, the kernel of fi v can be obtained as the cross-product of any 
two of the rows of the matrix (|5.1|) . Taking e.g. the first two rows, we obtain that the corresponding 
point of is 

(5.3) a(X :Y : Z) = (a 2 XZ - bcY 2 : c 2 YZ - abX 2 : b 2 XY - acZ 2 ). 

Observe that j maps the origin to (1 : : —1) £ Ty, and that the corresponding point in Tjj is 
<r(l : : —1) = (a : b : c) = j(z ). Hence, considering only the situation where Tjj ~ Ty ~ E, 
and identifying E with Ty by means of the embedding j, the identification of E with Tjj is given 
by the embedding a o j, which is the composition of j with the translation by zq. Therefore, 
the line bundles on E induced by the two inclusions of E into ¥(U) and P(V) are respectively 
(a o j)*O p2 (l) = O e (3 ■ (-z )) = d and j* p2 (l) = O e (3 ■ (0)) = C 2 . It then follows from the 
discussion in ^12.31 that the composition tensor fi corresponds to the data (E, L\, L<i). This remains 
true even when zq € ^A r , since in that case we have C\ ~ £2 and the composition tensor associated 
to the triple {E, £±,£2) is that of the usual projective plane (see B,emark l2.10[) . 

Next we consider the composition Hom(L 2 , L 3+i ) W — ► Hom(L , L- i+i ). Choosing generators 
of the lines Hom(L2,L3+i) and Hom(Loi^3+j) we can view this map as a linear form on W. In 
the given basis of W, this linear form is given by (Px,i > Py,i > Pz,i)i which by (|4.3|) coincides up to 
a non-zero constant factor with 

On the other hand we know from ^12.31 that the kernel of this linear form should be exactly Im/i„. , 
where Vi £ Ty is the point being blown up. 

For any v = {X : Y : Z) G Ty, the projection W — > W/Im^ v is a linear form given up to a 
scaling factor by the dot product of any two columns of the matrix ()5.1|) . Taking e.g. the first two 
columns, we obtain that the expression of this linear form relatively to our chosen basis of W is 

(c 2 XZ - abY 2 , a 2 YZ - bcX 2 , b 2 XY - acZ 2 ). 

Interestingly, if we assume that (X :Y:Z)= a(X :Y:Z), where a is the transformation given by 
(|5.3|) . then this expression simplifies to a scalar multiple of (X , Y , Z). Hence, we conclude that 
Vi = o-{j(pi)) = j(z + Pi). □ 

Remark 5.2. At this point the reader may legitimately be concerned that, since the homology 
classes [C] and [Cj\ are canonically defined only up to a multiple of [So], and since [B] is only 
defined up to an element of H 2 (M& , Z) , the points zq and pi of E are canonically determined 
only up to translations by elements of ^A r . However, the line bundle £\ = C_e;(3 • (— zq)) is not 
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affected by this ambiguity in the determination of zq, and neither are the relative positions of the 
points pi, since the quantity pj — pi = [B + w] ■ [\,j] is well-defined up to an element of A r . 
Moreover, a simultaneous translation of all the blown up points by an element of |A T amounts to 
an automorphism of the triple (E, £\, £2), which does not actually affect the category. (From the 
point of view of the embedding j, this automorphism simply permutes the homogeneous coordinates 
X, Y, Z and multiplies them by cubic roots of unity; this is consistent with the observation made 
after the proof of Proposition I4.18|) ■ 

Theorems 11.41 and 11.61 now follow directly from the discussion. Namely, in the case of a blowup 
of CP 2 at a set K = {pq, . . . ,Pk-i} of k distinct points (Theorem II .4|) . we consider a cubic curve 
E C CP 2 which contains all the points of K, and view it as an elliptic curve C/A T for some r € C 
with Imr > 0. This allows us to view the points pi as elements of C/A r (well-defined up to a 
simultaneous translation of all pi by an element of |A T , since the origin can be chosen at any of 
the flexes of E; however by Remark 15.21 this does not matter for our construction). Then we equip 
Mfc with a complexified symplectic structure such that [B + iu] ■ [So] = r, [B + iu] ■ [0] = 0, and 
[B + iu] ■ [d] = 3pi. The existence of such a B+iu> follows from a standard result about symplectic 
structures on Lefschetz fibrations: 

Proposition 5.3 (Gompf). Given any cohomology class [£] G i^ 2 (M^,M) such that [£] • [So] > 0, 
the manifold admits a symplectic structure in the cohomology class [Q, for which the fibers of 
Wt are symplectic submanifolds. 

Proof. The map W/~ : M\~ — ► C is a Lefschetz fibration, and the argument given in the proof of 
Theorem 10.2.18] can be adapted in a straightforward manner to this situation, even though 
the base of the fibration is not compact. (Alternatively, one can also work with the compactified 
fibration Wk '■ M — > CP 1 ). The symplectic form lo constructed by this argument lies in the 
cohomology class t{Q\ + W£([volc]) for some constant t > 0; since the area form on C is exact, we 
have [uj] = t[Q, and scaling w by a constant factor we obtain the desired result. □ 

By Proposition 15. II the algebra of homomorphisms of the exceptional collection (Lq, . . . , Lfc+2) is 
then isomorphic to B K , which implies that D fe (Lag vc (Wfc)) = Y) b (mod-B K ) = Y) b (coh(X K )). 

In the case of a noncommutative blowup of P 2 ( Theorem II .6(1 . consider the triple (E, C\, £2) 
associated to the underlying noncommutative P 2 , and view again E as a quotient C/A r . Choose 
zq (well-defined up to an element of |A r ) such that £2 <S> £\ X — Oe(3 • (zq) — 3 • (0)) G Pic°(£'). 
As explained in ^12.31 the blown up points must all lie in Ty C P(V), and under the identification 
Ty ~ E they can be viewed as elements pi € C/A T . Equip M/% with a complexified symplectic 
structure such that [B + iu;] ■ [So] = r, [B + iu] ■ [C] = 3zq, and [B + iu] ■ [Ci] = 3(p, — zq). By 
Proposition 15. II the algebra of homomorphisms of the exceptional collection (Lo, . . . , Lfc+2) is then 
isomorphic to Bk,^, which yields the desired equivalence of categories. 
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Theorem ll.5l is proved similarly, working with the mutated exceptional collections r' (introduced 
in W2.2\t and (Lq, L\, L', L2, -L4, . . . , Lk +2 ) (introduced in ^4.4|) . The details are left to the reader. 

Remark 5.4. The construction carried out for Theorem 11,41 also applies to some limit situations 
in which Xk is actually not a Del Pezzo surface. For example, the argument applies equally well 
to the situation where CP 2 is blown up at nine points which lie at the intersection of two elliptic 
curves. In this case the mirror is an elliptic fibration over C for which the compactification has a 
smooth fiber at infinity. Compared to that of CP 2 (k = 0), this extreme case where k = 9 lies at 
the opposite end of the spectrum that we consider. 
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